
F
p
g

M
L

a

A
R
A

K
S
r
P
F
m

1

c
d
t
o
a
p
o
v
t
o
t
t
i
t
l

0
d

Optik 123 (2012) 1260– 1270

Contents lists available at ScienceDirect

Optik

j o ur nal homepage: www.elsev ier .de / i j leo

requency  detuning  dependence  of  oscillation  condition  for  a  semilinear
hotorefractive  optical  resonator  in  a  photorefractive  material  with  reflection
ratings

.K.  Maurya ∗,  R.A.  Yadav
asers and Spectroscopy Laboratory, Department of Physics, Banaras Hindu University, Varanasi 221005, India

 r  t  i  c  l  e  i n  f  o

rticle history:
eceived 19 February 2011
ccepted 2 July 2011

eywords:
emilinear photorefractive optical
esonator
hotoconductivity
requency-non degenerate four-wave

a  b  s  t  r  a  c  t

Frequency  detuning  dependence  of  four-beam  coupling  in  a photorefractive  crystal  pumped  with  two
counter-propagating  waves  for a  semilinear  coherent  optical  resonator  on the  oscillation  conditions  has
been  analyzed  in  the  case  of non-degenerate-wave  mixing  under  the  slowly  varying  amplitude  approx-
imation  method.  Self  oscillation  can  be achieved  when  the  gain  arising  from  the  four-beam  coupling
is  large  enough  to overcome  the  cavity  loss.  The  effects  of frequency  detuning  (i.e.,  non-degeneracy),
dielectric  constant  and  photoconductivity  of  the  photorefractive  materials  on  the  performance  of  the
semilinear  photorefractive  coherent  resonator  with  the  reflection  grating  configuration  have  also  been
studied  in  detail.  The  phase-conjugate  reflectivity  of  the  pumped  crystal  and  oscillation  intensity  has
been calculated  for different  input  pump  beam  intensity  ratio,  intensity  reflectivity  of the  conventional
ixing mirrors,  degenerate  energy  coupling  strength  of the interacting  beams.  It has  been  found  that  for  the
higher  value  of  the  photoconductivity  �p(>2.0  pS/cm)  of  photorefractive  crystal,  the  semilinear  resonator
can  oscillate  at  almost  any  frequency  detuning  (˝)  of the  oscillation  beam  with  respect  to the  fixed  fre-
quency  of  the  pump  waves  whereas  for  the  lower  value  of  photoconductivity  �p(<0.1  pS/cm)  oscillation
occurs  only  when  the frequency  detuning  is limited  to small  region  around  ˝  = 0.  But reverse  of  the  case
is  found  for dielectric  constant  (ε), pump  intensity  ratio  (p)  and  conventional  mirror  reflectivity  (R).
. Introduction

The semilinear photorefractive optical resonator with two
ounter-propagating pump waves [1] was studied recently in
etail both theoretically and experimentally with a photorefrac-
ive crystal as the gain medium [2–12]. Its cavity is formed by an
rdinary feedback mirror and a photorefractive crystal that serves
s an amplifying phase-conjugate mirror pumped by two  counter-
ropagating coherent light waves of the same frequency as result
f the selective amplification of the noisy photorefractive grating
ia four-wave mixing processes. The efficiency of coherent oscilla-
ion depends on the particular geometry of the wave-mixing and
n material parameters of the crystal. Optimization and deliberate
uning of the performance of photorefractive oscillators are impor-
ant for their potential applications in lasers with capability for
ntra-cavity phase-distortion compensation [13,14], optical image

ransmission, computing systems, self-adjustable interferometers,
ogical and bistable elements, and optical non-linear associative
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E-mail address: mahendrabhu@gmail.com (M.K. Maurya).

030-4026/$ – see front matter ©  2011 Elsevier GmbH. All rights reserved.
oi:10.1016/j.ijleo.2011.07.059
© 2011 Elsevier GmbH. All rights reserved.

memory [15]. It served also as a model system for investigation of
deterministic chaos [16,2].

The single-frequency oscillation in an externally pumped phase-
conjugate resonator (i.e., semilinear photorefractive oscillator)
[17,18] becomes unstable above a certain critical value of the cou-
pling strength [5].  With the removed degeneracy in frequency the
initially static index grating starts to move and these results in
an additional non-linear phase shift of the phase conjugate wave
inside the cavity. After two consecutive round trips the nonlinear
phase of the oscillation wave does not vanish; moreover it is accu-
mulated with the successive number of round trips in the cavity. To
ensure oscillation, this phase shift should either be compensated by
any possible means or it should become equal to 2� to restore the
in-phase addition of the partial components of the oscillation wave
after each double round trip of the cavity [19]. One way to com-
pensate for an undesirable phase shift is to use a frequency shifted
feedback [20]. Another way  consists of a slight misalignment (of the
order of a fraction of milliradian) of the two  pump waves [8].  The
enhancement of the phase conjugate reflectivity by frequency shift

in the case of a perfectly aligned oscillator is independent on the
sign of the shift. By the same way, the enhancement of the phase
conjugate reflectivity by pump misalignment in the case of a non-
frequency shifted oscillator is independent on the sign of this tilt.

dx.doi.org/10.1016/j.ijleo.2011.07.059
http://www.sciencedirect.com/science/journal/00304026
http://www.elsevier.de/ijleo
mailto:mahendrabhu@gmail.com
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evertheless if the both effects are considered simultaneously, this
ymmetry is broken. For misaligned pump waves the calculated
eat frequency in the oscillation spectrum for a negative detuning

s identical to that for a positive detuning of the same amplitude
8].

The onset of coherent oscillation in this geometry, as it has
een shown recently, is similar to the second-order phase tran-
ition [3,4]. Exactly at the coherent oscillation threshold only one
hotorefractive grating with a well defined grating vector emerges
rom the multitude of low-amplitude arbitrarily oriented noisy
ratings responsible for light-induced (nonlinear) scattering in
hotorefractive crystals. The amplitude of this selected grating

ncreases rapidly with the increasing coupling strength which is
 control parameter here. The light wave diffracted from the devel-
ping grating is the oscillation wave. Its amplitude normalized to
he amplitude of the pump wave is an order parameter [21,22].
redominating attention has been paid to resonators with tran-
ition grating. This is a consequence of space charge limitations
hat due to insufficient effective trap density of the photorefractive
amples used. A rather high Debye screening length in comparison
ith small grating spacing of the reflection grating leads to consid-

rably smaller gain factors than that calculated from electro-optic
roperties and the diffusion field only [15]. If, however, a photore-
ractive sample with a sufficiently large trap density is found, the
dvantages of the reflection grating can be fully used, since the
ltimate coupling coefficient is increased compared to the trans-
ission geometry.
We  are interested in this paper in the dynamics of the semi-

inear photorefractive coherent resonator with a non-degenerate
our wave-mixing. In this work, we have been analytically solved
he problem of frequency detuning dependence of four-beam
oupling in photorefractive crystal pumped with two counter-
ropagating pump beams for a semilinear photorefractive coherent
ptical resonator with dominating reflection gratings in the case
f non-degenerate wave mixing. The phase-conjugate reflectiv-
ty, oscillation conditions, threshold conditions and the intensity
f oscillation are studied for a semilinear coherent optical res-
nator under the appropriate boundary conditions. In the earlier
ublished literatures [7–10] the effects of the frequency detuning
i.e., non-degeneracy), energy coupling strength of the interact-
ng beams, intensity reflectivity of the conventional mirrors and
nput pump beam intensity ratio on the intensity of oscillation
nd phase-conjugate reflectivity of the pumped crystals have not
een explored in detail. Moreover, the effects of the dielectric con-
tant and photoconductivity of the photorefractive materials on the
ntensity of oscillation and the phase-conjugate reflectivity of the
umped crystals have not been considered earlier. In this paper
he above effects are considered in details and discussed on its
erformances.

. Theoretical description

.1. Semilinear photorefractive coherent resonator

The schematic representation of the coherent optical resonator
nder consideration is shown in Fig. 1.

It is based on four-wave mixing in a photorefractive crystal
umped with two counterpropagating waves, 1 and 2, enter the
hotorefractive sample (photorefractive crystal) from the opposite
aces. Any noisy wave propagating in direction 4 (part of the pump
adiation scattered from optical imperfections of the sample) give

ise to phase-conjugate wave 3, i.e., the photorefractive crystal with
he length l serves as a phase conjugate mirror and forms together
ith the conventional mirror M a semilinear photorefractive opti-

al oscillator. This conventional mirror M reflects the light scattered
Fig. 1. Semilinear photorefractive optical resonator.

from the sample back to the pumped area of the sample and the con-
ventional mirror M with intensity reflectance R serves as the second
cavity mirror. The ratio of intensities of the waves 3 to wave 4 at
the input face z = 0 is called phase-conjugate reflectivity, Rpc.

The build-up of oscillation waves in the cavity can be explained
in the following way: the pump wave 2 is scattered from the optical
imperfections inside the crystal. A part of this scattered radiation
is reflected by the conventional mirror M back into the crystal
and interferes with the pump wave 1 to generate a first grating
with a low contrast. This grating diffracts wave 2 into wave 3 that
interferes with pump wave 2 and generate another grating with
the same period and orientation as the previous one but spatially
shifted. Wave 3 reflected by the mirror M contributes to create a
grating with a higher contrast in the photorefractive crystal. Step
by step, waves 3 and 4 gain intensity and the grating amplitudes
increases until the process saturates. To be within the single grat-
ing approximation all interacting beams (1–4) must record only one
grating in the crystal. This is achieved by appropriate choice of the
beam paths to ensure the coherence between the pairs of beams (1,
3) and (2, 4) only. This prevents the formation of all index grating
except for only one reflection grating that couples the oscillation
wave 4 to the pump wave 2 and the oscillation wave 3 to the pump
wave 1. The four waves mixing can also be interpreted in terms of
real time hologram where waves 1 and 4 write a hologram, wave
2 reads the hologram and is diffracted into wave 3. These two last
waves record their own  grating which is out of phase with respect to
the grating written by waves 1 and 4. For this reason an imbalance
between the pump wave intensities is needed for the oscillation
buildup otherwise the seed beams will not initiate the process.

2.2. Coupled-wave equations and its general solution

The system of dynamic equations describing the process of non-
linear interaction of electromagnetic waves within a plane wave
approximation for slowly varying amplitudes that governs the four-
wave mixing in the photorefractive medium of thickness l is of the
form [7,8,23]

∂E∗
1

∂z
= �∗E∗

3 (1)

∂E2

∂z
= �∗E4 (2)

∂E3

∂z
= �∗E1 (3)

∂E∗
4 = �∗E∗

2 (4)

∂z

�
∂�

∂t
+ � = �

I0
(E1E∗

3 + E∗
2E4) (5)
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ith the purely real beam coupling coefficient

 = �0

1 + (˝�)2
(6)

or a medium with purely non-local response, the non-linear
eam coupling coefficient � is real (Imaginary � = 0), where,

 = ω4 − ω1(ω1 ≡ ω2, ω3 ≡ ω4) is a possible frequency detuning of
he oscillation wave with respect to the fixed frequency of the
ump waves. Eq. (5) describes the temporal variation of the grat-

ng amplitude �, �0 being the degenerate energy coupling strength
f the interacting beams for  ̋ = 0, z is the coordinate along the
ropagation axis, Ei are the slowly varying amplitudes of the elec-
romagnetic waves i = 1, 2, 3, 4; E∗

i
are their complex conjugate,

i = |Ei|2 is the intensity of the ith wave, � is the response time
f the photorefractive medium which is inversely proportional to
hotoconductivity (�p) as given by the relation [24]

 = εε0

�p
(7)

here ε0 is the permittivity of free space (8.86 × 1012 C2/Nm2), ε
s the dielectric constant of the material [25] and I0 is the total
ntensity of all four waves is given by,

0 = I1 + I2 + I3 + I4 ≡ |E1|2 + |E2|2 + |E3|2 + |E4|2 (8)

sing Eqs. (6) and (7),  the non-linear energy coupling coefficient �
f the interacting beams can be written as,

 = �0�2
p

�2
p + ˝2ε2

(9)

he boundary conditions for the considered semilinear resonator
re given as,

1(0,  t) = E0
1 = const. (10a)

2(l, t) = E1
2 = const. (10b)

3(0,  t) = 0 (10c)

4(l, t) =
√

RE3(l, t) (10d)

here R is the intensity reflectivity of the feedback mirror (i.e., con-
entional mirror) M and l is the crystal thickness. The dynamics
f the system depends on parameters like input pump intensity
atio p = I1(0)/I2(l), frequency detuning (˝) of the oscillating waves
ith respect to the fixed frequency of the pump waves, degenerate

nergy coupling coefficient �0 of the interacting beams, dielec-
ric constant (ε) and photoconductivity (�p) of the photorefractive

aterials are the parameters of our considered resonating system.
n order to find out the general solution of the coupled Eqs. (1)–(5),

e assume the interference term as,

(z) = 2(E∗
1E3 + E2E∗

4) (11)

ow, applying the condition (Eq. (11)) into Eqs. (1)–(5) one obtains,

∂g

∂z
= 2�g (12)

q. (12) can be integrating to yield the expression for interference
erm g as,

 = g0 exp(2�z)  with g0 = g(0) (13)

sing Eqs. (11), (13) and (1)–(4) give the following coupled differ-
ntial equations,

∂E∗ �g exp(2�z)
1
∂z

= 0

I0
E∗

3 (14a)

∂E2

∂z
= �g0 exp(2�z)

I0
E4 (14b)
k 123 (2012) 1260– 1270

∂E3

∂z
= �g0 exp(2�z)

I0
E1 (14c)

∂E∗
4

∂z
= �g0 exp(2�z)

I0
E∗

2 (14d)

Eqs. (14a)–(14d) yields the expression for the total intensity I0 of
all four waves in terms of interference parameter g0 as,

I0 =
√

(4|g0|2 exp{2(� + �∗)z} + K) (15)

where K is a constant of integration. Eq. (14) can then be completely
decoupled by combining Eq. (14a) with Eq. (14c) and Eq. (14b) with
Eq. (14d) to give the following differential equations as,

∂2E∗
1

∂z2
−

[
2� − 4|g0|2(� + �∗) exp{2(� + �∗)z}

4|g0|2 exp{2(� + �∗)z} + K

]
∂E∗

1
∂z

− |g0� |2 exp{2(� + �∗)z}
4|g0|2 exp{2(� + �∗)z} + K

E∗
1 = 0 (16a)

∂2E2

∂z2
−

[
2� − 4|g0|2(� + �∗) exp{2(� + �∗)z}

4|g0|2 exp{2(� + �∗)z} + K

]
∂E2

∂z

− |g0� |2 exp{2(� + �∗)z}
4|g0|2 exp{2(� + �∗)z} + K

E2 = 0 (16b)

∂2E3

∂z2
−

[
2� − 4|g0|2(� + �∗) exp{2(� + �∗)z}

4|g0|2 exp{2(� + �∗)z} + K

]
∂E3

∂z

− |g0� |2 exp{2(� + �∗)z}
4|g0|2 exp{2(� + �∗)z} + K

E3 = 0 (16c)

∂2E∗
4

∂z2
−

[
2� − 4|g0|2(� + �∗) exp{2(� + �∗)z}

4|g0|2 exp{2(� + �∗)z} + K

]
∂E∗

4
∂z

− |g0� |2 exp{2(� + �∗)z}
4|g0|2 exp{2(� + �∗)z} + K

E∗
4 = 0 (16d)

For � + �* = 0, corresponding to zero spatial phase shifts, these Eqs.
(16a)–(16d) have constant coefficients and can be solved by change
of variable method. For this purpose, we define a new variable U as,

� exp(2�z)
I0

= dU (17)

Substituting the value of I0 from Eq. (15) into Eq. (17) and integrat-
ing it we get,

U = 1
g0

loge

[
4|g0| exp(2�z)  +

√
4|g0|2 exp{2(� + �∗)z} + K

4|g0| +
√

4|g0|2 + K

]
(18)

Using Eqs. (18) and (14a)–(14d) one gets the following differential
equations,

∂E∗
1

∂U
= gE∗

3 (19a)

∂E2

∂U
= gE4 (19b)

∂E3

∂U
= gE1 (19c)

∗
∂E4
∂U

= gE∗
2 (19d)

For photorefractive crystal that operates by diffusion only 
 = �/2,
the non-linear beam coupling constant � is real. Eqs. (19a)–(19d)
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an be integrated to yield the expression for the field amplitudes
1(U), E2(U), E3(U) and E4(U) of the electromagnetic waves as,

1(U) =
√

g0[((E4(l)/
√

g∗
0) + (E1(0)/

√
g0) exp(−|g0|U(l))) exp(|g0|U)

exp(|g0|U(l)) + 

2(U) = exp(|g0|U) + exp(−|g0|U)
exp(|g0|U(l)) + exp(−|g0|U(l))

(21)

3(U) =
√(

g0

g∗
0

)
E2(l)

exp(|g0|U) + exp(−|g0|U)
exp(|g0|U(l)) + exp(−|g0|U(l))

(22)

4(U) =
√

g∗
0[((E4(l)/

√
g∗

0) + (E1(0)/
√

g0) exp(−|g0|U(l))) exp(|g0|U
exp(|g0|U(l)) +

here E3(0) = 0,E1(0),E2(l) and E4(l) are known. Eqs. (21)–(24) rep-
esent the general solutions of the coupled Eqs. (1)–(5) for the
onsidered semilinear photorefractive resonator in the photore-
ractive materials.

.3. Analysis of self-reproduction of oscillating waves in the
emilinear resonators

In this section, we have studied the conditions for which self
scillation occurred in the semilinear resonator. First, we will
erive the expression for the phase-conjugate reflectivity of the
umped crystal, which is one of the most important factors that
esponsible for the self oscillation in the considered resonators. To
nsure a stable coherent oscillation two conditions must be met:
fter each complete round trip of the cavity (1) all losses must be
ompensated for and (2) the phase of the oscillation wave must
eturn exactly to its initial value (modulo 2�). These conditions are
sually called amplitude and phase conditions of oscillation [26,27].
or an oscillator with a phase conjugate mirror two  round trips are
ecessary to ensure that the optical field reproduces its initial state
27]. The steady state oscillation (i.e., self oscillation) occurs if the
ntensity of the oscillation wave remains the same after one round
rip inside the cavity, which leads to condition

Rpc = 1 (24)

his means that oscillation should occur if phase-conjugate reflec-
ivity overpasses Rpc ≥ 1/R. The phase-conjugate reflectivity of the
umped crystal can be defined as,

pc = I3(0)
I4(0)

(25)

ubstituting the values of I3(0) and I4(0) from Eqs. (23) and (24)
nto Eq. (25) we get,

pc = I1(0)
I4(0)

tanh2|g0|U (26)

q. (26) represents the exact solution for the reflectivity of a
hase-conjugate mirror with a 
 = �/2 shifted reflection grating.
o evaluate |g0|U(l) we substitute Eqs. (20)–(23) into Eq. (14), using
he definition of g, and evaluate at z = 0 and l to obtain two equa-
ions in g0, |g0| and |g0|U(l). Solving for g0, taking the magnitude,
nd then eliminating |g0| yields

inh|g0|U(l) =

√
I1(0)I4(0)(1  ± exp(−�0l �2

p /(�2
p + ˝2ε2)))

I1(0) + (I1(0) + I4(0)) exp(−�0l �2
p /(�2

p + ˝2ε2))
(27)

r,
(l) = 1
g0

sinh−1

[√
(1 + p) q[1 ± exp(−�0l �2

p /(�2
p + ˝2ε2))]

p + exp(−�0l �2
p /(�2

p + ˝2ε2)) + (1 + p) q

]
(28)
 123 (2012) 1260– 1270 1263

E1(0)/
√

g0) exp(|g0|U(l)) − (E4(l)/
√

g∗
0)) exp(−|g0|U)]

−|g0|U(l))
(20)

(E1(0)/
√

g0) exp(|g0|U(l)) − (E4(l)/
√

g∗
0)) exp(−|g0|U)]

−|g0|U(l))
(23)

where q = I4(0)/(I1(0) + I2(l)) is the normalized oscillation intensity
and p = I1(0)/I2(l) is the input pump intensity ratio. In the unde-
pleted pump approximation, we  assume that

|E1|2, |E2|2 � |E3|2, |E4|2 (29)

Applying the boundary conditions (Eq. (10)) into Eqs. (23)–(28) and
using the approximations (Eq. (29)) one gets the following expres-
sion for the phase-conjugate reflectivity Rpc of pumped crystal as,

Rpc = sinh2(�0l �2
p /2(�2

p + ˝2ε2))

cosh2((�0l �2
p /2(�2

p + ˝2ε2)) + (loge p/2))
(30)

Eq. (30) represents the reflectivity of the phase-conjugate mirror
for the non-degenerate four-wave mixing in the undepleted pump
approximation [13,28].  In the case of small oscillation intensity
q → 0 the undepleted pump approximation is valid and Eqs. (26)
and (28) are reduced to Eq. (30). For frequency non-degenerate
interaction with pump intensity ratio

p = exp

(
− �0l�2

p

�2
p + ˝2ε2

)
(31)

optimized to reach the highest phase-conjugate reflectivity, Eq.
(30) reduces to

Rpc = sinh2

(
�0l�2

p

2(�2
p + ˝2ε2)

)
(32)

and predicts, for high-enough energy coupling strengths of the
interacting beams, an exponential growth of the phase-conjugate
reflectivity

Rpc ≈ exp(−�0l�2
p /(�2

p + ˝2ε2))

4
(33)

Using Eq. (33), Eq. (24) takes the form

exp

(
− �0l�2

p

�2
p + ˝2ε2

)
≈ 4

R
(34)

With −ln(R) being the dimensionless losses because of mirror trans-
parency the oscillation condition becomes(

− �0l�2
p

�2
p + ˝2ε2

)
th

= −ln(R) + ln 4 (35)

Eq. (35) resembles, to a certain extent, the oscillation condition
for conventional lasers, which says that, to get the oscillation, the
exponential gain should compensate for all types of cavity losses
[6]. The necessity to ensure Rpc at least larger than unity to achieve
the oscillation leads to the additional term, ln 4, on the right-hand
side of Eq. (35). This means that with a properly selected degen-
erate energy coupling coefficient �0, crystal thickness l, frequency

detuning ˝,  dielectric constant ε and photoconductivity �p, the
amplified reflectivity of a phase conjugate mirror compensates for
all cavity losses and the waves 3 and 4 self-develop spontaneously;
i.e., the oscillation occurs.
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The denominator is positive for pth1 and negative for pth2 for all
values of the non-linear energy coupling strength and conven-
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.4. Threshold and output characteristics of the resonator

.4.1. Intensity of oscillations
In this section we will find out the expression for the intensity of

scillation and existence of the oscillation intensity of a semilinear
ptical resonator when the control parameters vary. For this, we
re applying the condition (I4(0) = RI3(0)) into the Eqs. (24), (26)
nd (28) with a new variable s = I3(0)/I1(0) we have,

2p2s2 + Rps

{
2

[
p + exp

(
− �0�2

p l

�2
p + ˝2ε2

)]

+
[

1 ± exp

(
− �0�2

p l

�2
p + ˝2ε2

)]2
}

+
[

p + exp

(
− �0�2

p l

�2
p + ˝2ε2

)]2

− Rp

[
1 ± exp

(
− �0�2

p l

�2
p + ˝2ε2

)]2

= 0 (36)

here are two possible solutions of Eq. (36) we take only positive
olution

 =

−2[p  + exp(−�0�2
p l/(�2

p + ˝2ε2))] − [1 − exp(−�0�2
p l/(�2

p + ˝2

+[1 − exp(−�0�2
p l/(�2

p + ˝2ε2))]
√

[1 + exp(−�0�2
p l/(�2

p + ˝2ε

2Rp

q. (37) represents the expression for the normalized oscillation
ntensity of a semilinear photorefractive optical resonator due to
on-degenerate four-wave mixing in the photorefractive materials.

.4.2. Output characteristics
The aim of this section is that to study the output characteristics

nd performance of a semilinear optical resonator. The degenerate
nergy coupling strength (�0l) of the interacting beams is one of the
ost important parameter in order to establishing the threshold

ondition for the semilinear optical resonator. At the threshold i.e.,
or s = 0 Eq. (36) gives the known threshold condition

�0l)th = −loge

[√
p(

√
R − √

p)(�2
p + ˝2

th
ε2)

�2
p (

√
Rp + 1)

]
(38)

he dependence of the saturation oscillation at large degenerate
nergy coupling strength (�0l) calculated from Eq. (37) we  get

lim s
0l→∞

= −2p − 1 +
√

1 + 4p(R + 1)
2Rp

(39)

he oscillation is possible within a certain range of the pump
atio [pth1, pth2], which depends on the degenerate energy coupling

trength (�0l) of the interacting beams and the conventional mirror
eflectivity (R). Again, in the vicinity of the threshold, the oscillation

pth1,2 =

R[1 − exp(−�0�2
p l/(�2

p + 

(�2
p + ˝2ε2))]

√
[1 − exp

s =
−R ∓ ((

√
R[1 − exp(−�0√

R[1 − exp(−�0�2
p l/(�
ntensity increases with the pump ratio which suggests a supercrit-
cal bifurcation [23]. One should look therefore for a reason for the
ifurcation in the oscillation spectrum that is related to gain, i.e.,
o spectra of amplified phase conjugate reflectivity. The maximum
k 123 (2012) 1260– 1270

2

+ 4p(R + 1)
(37)

of the oscillation intensity is calculated from ∂s/∂p = 0. It is easy to
show that the maximum value

(s)max =
R[1 − exp(−�0�2

p l/(�2
p + ˝2ε2))]

2 − 4 exp(−�0�2
p l/(�2

p + ˝2ε2))

R[1 + exp(−�0�2
p l/(�2

p + ˝2ε2))]
2

(40)

is reached at

pmax = exp(−�0�2
p l/(�2

p + ˝2ε2))[1 + exp(−�0�2
p l/(�2

p + ˝2ε2))]
2

(1 + R)[1 − exp(−�0�2
p l/(�2

p + ˝2ε2))]
2

(41)

one interesting characteristics of the considered oscillators should
be noted that the pump ratio at which the largest oscillation inten-
sity is reached does not coincide with that which provides the
smallest threshold value of the coupling strength. This is in contrast
to conventional lasers where the oscillation intensity is linearly
proportional to the over-threshold pumping [6].

2.4.3. Analysis of threshold conditions for the oscillations
In this section we have investigate the threshold behavior of

the oscillation intensity and the maximum frequency detuning
effect (i.e., non-degeneracy) for a semilinear optical resonator. For
this purpose the same condition of oscillation (Eq. (24)) is consid-
ered, with low-signal phase-conjugate reflectivity given by Eq. (30),
which is well justified at the threshold of oscillation. The distinction
is that the oscillation wave is allowed to be shifted in frequency to

 ̋ with respect to the pump waves, i.e., ω1 = ω2 = ωpump, whereas
ω3 = ωpump ±  ̋ and ω4 = ωpump ∓ ˝.  It is known [29,30] that, being
reflected from the considered phase-conjugate mirror, the light
wave with frequency (ωpump + ˝)  acquires frequency (ωpump − ˝)
and vice versa. This is one of the reasons why  the oscillation wave is
self-reproduced only after two full round trips in the cavity, as dis-
tinct from conventional lasers where one round trip is sufficient [6].
Therefore for the non-degenerate case, the oscillation wave should
always contain two  components, shifted symmetrically by ±  ̋ with
respect to the pump frequency. We  find an approximate solution
for I3(0) verses �0l or verses p in the close vicinity of the oscilla-
tion threshold and to confirm the type of bifurcation. Taking p as
a variable, the threshold values pth 1, 2 are obtained by solving Eq.
(36) with s = 0

))]
2 − 2 exp(−�0�2

p l/(�2
p + ˝2ε2)) ∓ R[1 − exp(−�0�2

p l/

�2
p l/(�2

p + ˝2ε2))]
2 − 4 exp(−�0�2

p l/(�2
p + ˝2ε2))/R

2
(42)

Then, normalized oscillation intensity, s = I3(0)/I1(0), which is
defined by Eq. (28) is represented as a series of p in the vicinity of
pth1,2. We  found that the intensity changes linearly with p − pth1,2

p − pth1,2

(�2
p + ˝2ε2))](1 + R))/

2ε2))]
2 − 4 exp(−�0�2

p l/(�2
p + ˝2ε2)))

(43)
tional mirror reflectivity. This means that the absolute value of the
oscillation amplitude bifurcates supercritically in both cases [23].
A similar analysis of the threshold with respect to the coupling
strength �0l as a variable leads to the expression
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Fig. 2. Variations of phase-conjugate reflectivity ‘Rpc ’ with frequency detuning ‘˝’
for  different values of (a) �p (fixed ε = 10, �0l = 10 and p = 1); (b) �0l (fixed ε = 10,
�p = 1.0 pS/cm and p = 1); (c) p (fixed ε = 10, �0l = 10 and �p = 1.0 pS/cm) and (d) ε
(fixed p = 1, �0l = 10 and �p = 1.0 pS/cm) respectively.
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 ≈ 2
√

p(p + 1)�2
p

exp(((�0l)th�2
p )/(�2

p + ˝2
th

ε2))(2p + 1)
√

R

×
(

�0l

�2
p + ˝2ε2

− (�0l)th

�2
p + ˝2

th
ε2

)
(44)

gain, the intensity is linearly increasing with the coupling strength
nd the coefficient is negative for any values of p and R. Taking
nto the account that Eq. (44) is derived for the oscillator geometry

ith a negative non-linear degenerate energy coupling strength.
his means that the absolute value of the oscillation amplitude
ifurcates from zero value supercritically [8,23].

. Results and discussion

The phase-conjugate reflectivity (Rpc) is an important factor
esponsible for the self oscillation in the semilinear optical res-
nator [6,12,28]. This phase-conjugate reflectivity (Eq. (30)) is also
epends on the frequency detuning (˝)  of the oscillation beam
ith respect to the fixed frequency of the pump waves, degen-

rate energy coupling strength (�0l) of the interacting beams,
nput pump intensity ratio (p), dielectric constant (ε) and photo-
onductivity (�p) of the photorefractive materials The resonator
ith one phase-conjugate mirror has the ability to compensate for

ntra-cavity phase distortions. This may  be of practical importance
or hybrid systems with the additional laser amplifiers inside the
avity with high gain but moderate optical quality [31,32]. Varia-
ions of phase-conjugate reflectivity (Rpc) with frequency detuning
˝)  for different values of �p (fixed ε = 10, �0l = 10 and p = 1), �0l
fixed ε = 10, �p = 1.0 pS/cm and p = 1), p (fixed ε = 10, �0l = 10 and
p = 1.0 pS/cm) and ε (fixed p = 1, �0l = 10 and �p = 1.0 pS/cm) are
hown in Fig. 2(a), (b), (c) and (d) respectively.

From Fig. 2(a) it is obvious that the reflectivity (Rpc) of the phase-
onjugate mirror increases with increasing the frequency detuning
˝) of the oscillation beam and reaches to maximum values after
ertain region constant around  ̋ = 0 it decreases with increasing
he frequency detuning of the oscillation beam. It means that the
teady state oscillation occurs over this constant region around

 = 0. This happens because of the losses of the conventional mirror
s exactly compensated by the gain of the phase-conjugate mirror.
imilar variations of Rpc with �0l, p and ε can be seen from Fig. 2(b),
c) and (d) respectively. From Fig. 2(a), it is interesting to note that
or the lower value of photoconductivity �p(<0.1 pS/cm) of the pho-
orefractive crystal the steady sate oscillation occurs only when the
requency detuning is limited to small region around  ̋ = 0 whereas
or higher values of �p(=2.0 pS/cm) the semilinear optical resonator
an oscillate at almost any frequency detuning  ̋ of the oscillation
eam. But reverse of the case is found for ε, which can be seen from
ig. 2(d). However, it is also noted from Fig. 2(c) that for different
ump intensity ratios (p) of the input beams, the phase-conjugate
eflectivity of the pumped crystal is found to be higher and the
egion of steady state oscillations is found to be small around  ̋ = 0
s compared to the other cases (i.e., �0l, ε and �p). Thus, one can
onclude that the largest phase-conjugate reflectivity is reached at

 = 0 for relatively small values of pump intensity ratio (p < 0.2) of
he input beams and vice versa.

Fig. 3(a), (b), (c) and (d) presents the variations of phase-
onjugate reflectivity (Rpc) with photoconductivity �p (in pS/cm)
or different values of  ̋ (fixed ε = 10, �0l = 10 and p = 1), ε (fixed
0l = 10,  ̋ = 0.2 Hz and p = 1), �0l (fixed ε = 10,  ̋ = 0.2 Hz and p = 1)
nd p (fixed  ̋ = 0.2 Hz, �0l = 10 and ε = 10) respectively. From
ig. 3(a), it can be seen that the reflectivity of the phase-conjugate

irrors increases exponentially with photoconductivity of the pho-

orefractive crystals and finally attains a saturation value. It is
nteresting to note that the saturation value of Rpc decreases with
ncreasing frequency detuning (˝) of the oscillating beam with
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Fig. 3. Variations of phase-conjugate reflectivity ‘Rpc ’ with photoconductivity ‘�p ’
for  different values of (a)  ̋ (fixed ε = 10, �0l = 10 and p = 1); (b) ε (fixed �0l = 10,
˝  = 0.2 Hz and p = 1); (c) �0l (fixed ε = 10,  ̋ = 0.2 Hz and p = 1) and (d) p (fixed
˝  = 0.2 Hz, �0l = 10 and ε = 10) respectively.
k 123 (2012) 1260– 1270

respect to the fixed frequency of the pump waves. Similar varia-
tions of Rpc with ε, �0l and p can be seen from Fig. 3(b), (c) and (d)
respectively. However, for a given value of �p, the higher value of
phase-conjugate reflectivity of the pumped crystal is found to be
occurred at much lower value of pump intensity ratio (p < 0.20) of
the input beams (Fig. 3(d)) as compared to the other parameters
i.e., ε, �0l and  ̋ (Fig. 3(a)–(c)).

Fig. 4(a), (b) (c) and (d) respectively shows the variations
of phase-conjugate reflectivity (Rpc) with dielectric constant (ε)
for different values of  ̋ (fixed �p = 1.0, �0l = 10 and p = 1), p
(fixed �0l = 10,  ̋ = 0.2 Hz and �p = 1.0 pS/cm), �0l (fixed �p = 1.0,

 ̋ = 0.2 Hz and p = 1) and �p (fixed  ̋ = 0.2 Hz, �0l = 10 and p = 1).
Fig. 4(a), it is clear that for different values of frequency detuning,
phase-conjugate reflectivity of the pumped crystal decays dras-
tically with increasing ε. Similar variations of phase-conjugate
reflectivity (Rpc) of the pumped crystal with p, �0l and �p can be
seen from Fig. 4(b), (c) and (d) respectively. It is to be noted that for
a given value of dielectric constant, there is fall in phase-conjugate
reflectivity of the pumped crystal is more for higher value of fre-
quency detuning of the oscillating beam (Fig. 4(a)). But reverse of
the case is found for �p, which can be seen from Fig. 4(d). It can also
be seen that for a given value of dielectric constant of the photore-
fractive crystals, the higher value of phase-conjugate reflectivity of
the pumped crystal can be achieved at much lower value of pump
intensity ratio (p < 0.2) of the input beams (Fig. 4(b)) as compared
to the others parameters i.e., ˝,  �0l and �p (Fig. 4(a), (c) and (d)).

Due to non-degenerate four wave-mixing in the photorefractive
materials, the intensity of oscillation (s) inside the semilinear res-
onator depends on the degenerate energy coupling strength (�0l)
of the interacting beams, frequency detuning (˝) of the oscillating
beam with respect to the fixed frequency of the pump waves, pump
intensity ratio (p) of the input beams, conventional mirror reflec-
tivity (R), dielectric constant (ε) and photoconductivity (�p) of the
photorefractive materials (Eq. (37)). The variations of normalized
oscillation intensity (s) with frequency detuning (˝) for different
values of �p (fixed R = 1, ε = 10, �0l = 10 and p = 1), ε (fixed R = 1,
�0l = 10, �p = 1.0 pS/cm and p = 1), �0l (fixed R = 1, �p = 1.0 pS/cm,
ε = 10 and p = 1), p (fixed R = 1, �p = 1.0 pS/cm, ε = 10 and �0l  = 10)
and R (fixed ε = 10, �0l = 10, �p = 1.0 pS/cm and p = 1) are shown
in Fig. 5(a), (b), (c), (d) and (e) respectively. It can been (Fig. 5(a))
that for fixed R, ε, �0l and p, the intensity of oscillation s increases
with increasing the frequency detuning (˝)  [i.e., frequency shift] of
the oscillating beam and reaches to maximum values after certain
region constant around  ̋ = 0 it decreases with increasing the fre-
quency detuning of the oscillation beam. It means that resonator
can oscillate over this constant region around  ̋ = 0. This happens
because of the losses of the conventional mirror is exactly compen-
sated by the gain of the phase-conjugate mirror. Similar variations
of oscillation intensity (s) with ε, �0l, p and R can be seen from
Fig. 5(b), (c), (d) and (e) respectively. But reverse of the case is
found for ε, which can be seen from Fig. 5(d). From Fig. 5(a), it
is interesting to note that for the higher value of photoconductiv-
ity �p(=2.0 pS/cm) of the photorefractive crystals the semilinear
resonator can oscillate at almost any frequency detuning (˝) of
the oscillation beam with respect to the fixed frequency of the
pump waves whereas for the lower value of photoconductivity
�p(<0.1 pS/cm) oscillation occurs only when the frequency detun-
ing is limited to small region around  ̋ = 0. But reverse of the case
is found for ε, p and R, which can be seen from Fig. 5(b), (d) and
(e) respectively. However, it is also noted from Fig. 5(a) and (b)
that for a given value of ˝,  the magnitude of the steady state oscil-
lations are found to be same with increasing either the value of

�p or ε whereas the magnitude of the steady state oscillations are
found to be increases with increasing the value of �0l or p or R
(Fig. 5(c)–(e)). From Fig. 5, one may  conclude that for a given value
of ˝,  the region of steady state oscillation can be enhanced by
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Fig. 4. Variations of phase-conjugate reflectivity ‘Rpc ’ with dielectric constant ‘ε’ for
different values of (a)  ̋ (fixed �p = 1.0 pS/cm, �0l = 10 and p = 1); (b) p (fixed �0l = 10,
˝  = 0.2 Hz and �p = 1.0 pS/cm); (c) �0l (fixed �p = 1.0 pS/cm,  ̋ = 0.2 Hz and p = 1) and
(d)  �p (fixed  ̋ = 0.2 Hz, �0l = 10 and p = 1) respectively.

Fig. 5. Variations of normalized oscillation intensity ‘s’ with frequency detuning ‘˝’
for  different values of (a) �p (fixed R = 1, ε = 10, �0l = 10 and p = 1); (b) ε (fixed R = 1,
�0l = 10, �p = 1.0 pS/cm and p = 1); (c) �0l (fixed R = 1, �p = 1.0 pS/cm, ε = 10 and p = 1);
(d)  p (fixed R = 1, �p = 1.0 pS/cm, ε = 10 and �0l = 10) and (e) R (fixed ε = 10, �0l = 10,
�p = 1.0 pS/cm and p = 1) respectively.
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Fig. 6. Variations of normalized oscillation intensity ‘s’ with photoconductivity ‘�p ’
for  different values of (a)  ̋ (fixed R = 1, ε = 10, �0l = 10 and p = 1); (b) ε (fixed R = 1,
�0l = 10,  ̋ = 1.0 Hz and p = 1); (c) �0l (fixed R = 1,  ̋ = 1.0 Hz, ε = 10 and p = 1); (d) p
(fixed R = 1, ˝ = 0.2 Hz, ε = 5 and �0l = 20) and (e) R (fixed ε = 5, �0l = 20,  ̋ = 0.2 Hz
and  p = 1) respectively.

Fig. 7. Variations of normalized oscillation intensity ‘s’ with dielectric constant ‘ε’
for different values of (a)  ̋ (fixed R = 1, �p = 1.0 pS/cm, �0l = 10 and p = 1); (b) �0l
(fixed R = 1,  ̋ = 1.0 Hz, �p = 1.0 pS/cm and p = 1); (c) p (fixed R = 1, �p = 1.0 pS/cm,
�0l = 10 and  ̋ = 1.0 Hz); (d) R (fixed  ̋ = 1.0 Hz, �p = 1.0 pS/cm, ε = 10 and �0l = 10)
and  (e) �p (fixed  ̋ = 1.0 Hz, �0l = 10, R = 1 and p = 1) respectively.
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aking a photorefractive crystal of higher photoconductivity and
ower dielectric constant.

Fig. 6(a), (b), (c), (d) and (e) respectively depicts the variations
f normalized oscillation intensity (s) with photoconductivity �p

in pS/cm) for different values of  ̋ (fixed R = 1, ε = 10, �0l = 10
nd p = 1), ε (fixed R = 1, �0l = 10,  ̋ = 1.0 Hz and p = 1), �0l (fixed

 = 1,  ̋ = 1.0 Hz, ε = 10 and p = 1), p (fixed R = 1,  ̋ = 0.2 Hz, ε = 5
nd �0l = 20) and R (fixed ε = 5, �0l = 20,  ̋ = 0.2 Hz and p = 1). From
ig. 6(a), it can be seen that the normalized oscillation intensity
ncreases rapidly with �p of the photorefractive crystals and finally
ttains a saturation value. It is interesting to note that the satura-
ion value of oscillation intensity s decreases with increasing the
requency detuning (˝)  of the oscillating beam with respect to the
xed frequency of the pump waves. Similar variations of s with ε
an be seen from Fig. 6(b). With increasing the value of photocon-
uctivity of the photorefractive crystals, the intensity of oscillation

ncreases linearly (Fig. 6(c)). For a given value of �p, the higher value
f intensity of oscillation can be achieved at the higher value of
nergy coupling strength of the interacting beams. Fig. 6(d) and (e),
t is found that oscillation starts from zero at the threshold and then
ncreases the photoconductivity (�p) until saturation is reached.
he results of the calculation show the soft mode of the oscillation
nset. The intensity of oscillation beam is zero exactly at thresh-
ld and is increasing gradually until the saturation level is reached
ith increasing photoconductivity of the photorefractive materials.

he largest intensity at saturation is reached for highly reflecting
onventional mirror R = 1 whereas for smaller reflectivity the oscil-
ation intensity decreases even inside the resonator (Fig. 6(e)). It can
lso be seen from Fig. 6(d) that the intensity of oscillation increases
ith increase of �p for different p but becomes constant after par-

icular value of �p and these �p values are greater for higher value
f p. It is interesting to note that the saturation value of oscillation
ntensity s increases with R (Fig. 6(e)). It is also observed that for

 given value of �p, grown in intensity of oscillation is found to
e much higher at much lower value of the pump intensity ratio
p > 0.20) of the input beams (Fig. 6(d)).

Fig. 7(a), (b), (c), (d) and (e) respectively shows the variations
f normalized oscillation intensity ‘s’ with dielectric constant ‘ε’
or different values of  ̋ (fixed R = 1, �p = 1.0 pS/cm, �0l = 10 and

 = 1), �0l (fixed R = 1,  ̋ = 1.0 Hz, �p = 1.0 pS/cm and p = 1), p (fixed
 = 1, �p = 1.0 pS/cm, �0l = 10 and  ̋ = 1.0 Hz), R (fixed  ̋ = 1.0 Hz,
p = 1.0 pS/cm, ε = 10 and �0l = 10) and �p (fixed  ̋ = 1.0 Hz, �0l = 10,

 = 1 and p = 1). It can be seen (Fig. 7(a)) that for fixed R, �p, �0l and
, the intensity of oscillation s is remains constant up to the cer-
ain value of ε and afterward oscillation intensity decreases with
urther increasing the dielectric constant of the photorefractive
rystals. For a given value of ε, the region of steady state oscilla-
ion (i.e., saturation) is higher at much lower value of frequency
etuning (  ̋ < 0.2 Hz) of the oscillating beam with respect to the
xed frequency of the pump waves. Similar variations of oscilla-
ion intensity (s) with �0l, p, R and �p can be seen from Fig. 7(b), (c),
d) and (e) respectively. It is to be noted that for different values
f �p, the region of steady state oscillation is much higher as com-
ared to the region of steady state oscillation for different values
f pump intensity ratio (p) of the input beams (Fig. 7(c) and (e)). It
an also be seen that for a given value of dielectric constant of the
hotorefractive crystals, the higher value of oscillation intensity
an be achieved at much lower value of photoconductivity (�p) as
ompared to the degenerate energy coupling strength (�0l) of the
nteracting beams (Fig. 7(b) and (e)).
. Conclusion

In the present paper, frequency detuning dependence of
our-beam coupling in photorefractive crystal pumped with two
 123 (2012) 1260– 1270 1269

counter-propagating waves for a semilinear coherent optical
resonator on the oscillation conditions using reflection grating con-
figurations has been studied in the case of non-degenerate-wave
mixing .The coherent oscillation in the considered geometry self-
develops from the noise and its frequency is not imposed by any
specific frequency in the broad and smooth spectrum of the seed-
ing radiation. On the other side, the semilinear oscillator belongs
to oscillators with unclosed cavities for which the spectrum of cav-
ity longitudinal modes is discrete but the eigen-frequencies are
not fixed [33]. The condition of self reproduction for oscillation
wave intensity imposes a condition that the wave intensity should
remain the same after two consecutive reflections, once from the
conventional mirror and then from the phase conjugate mirror for
all types of cavity losses [6].  The phase-conjugate reflectivity is
an important factor responsible for the self oscillation in the con-
sidered resonators [8,28].  By properly selecting the experimental
conditions (pump intensity ratio p, degenerate energy coupling
coefficient �0 of the interacting beams and frequency detuning

 ̋ of the oscillation beam with respect to the fixed frequency of
the pump waves) and photorefractive crystal parameters (crys-
tal thickness l, dielectric constant ε and photoconductivity �p),
the amplified reflectivity of a phase conjugate mirror compensates
for all cavity losses and the waves 3 and 4 self-develop sponta-
neously; i.e., the oscillation occurs in the resonators. It has been
observed that the cavity mode frequency does not affect the oscil-
lation frequency because of the self-adaptable nature of the phase
conjugate mirror. For these resonators, it is also found that the con-
ventional mirror of the cavity cannot possess spectral selectivity
within the region of several Hz. The phase-conjugate reflectivity,
Rpc, versus frequency detuning, ˝,  curves shows that the largest
phase-conjugate reflectivity is reached at ˝ = 0 for relatively small
values of pump intensity ratio (p < 0.2) of the input beams and
vice versa .The oscillation intensity, s, versus frequency detuning,
˝, curves depict that for the higher value of photoconductiv-
ity �p(>2.0 pS/cm) of the photorefractive crystals the semilinear
resonator can oscillate at almost any frequency detuning (˝) of
the oscillation beam with respect to the fixed frequency of the
pump waves whereas for the lower value of photoconductivity
�p(<0.1 pS/cm) oscillation occurs only when the frequency detun-
ing is limited to small region around  ̋ = 0. But reverse of the case is
found for dielectric constant (ε), pump intensity ratio (p) and con-
ventional mirror reflectivity (R), which can be seen from the curves
s versus ˝.
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