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Wave equations describing the non-linear two-beam coupling have been solved and expressions for the
gain of the two beams in the photorefractive crystals have been derived. In case of the degenerate two-
beam coupling, the gain depends upon the crystal thickness, coupling coefficient, absorption coefficient

and the input intensity ratio. The effect of these parameters on the gain has been studied in details. In
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case of non-degenerate two-beam coupling the gain not only depends upon crystal thickness, coupling
coefficient, absorption coefficient and the input intensity ratio but also on the response time of the pho-
torefractive medium. This response time is the function of concentration ratio. The influence of oscillation
frequency shift, concentration ratio on the gain for the non-degenerate two-beam coupling has also been
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1. Introduction

Two beams coupling in photorefractive crystal has been an
active field of research in recent years because of its potential
application such as signal processing, optical communications,
optical networks, optical computing, real-time holography, image
amplification, laser beam steering, optical interconnections, and
holographic memory [1-6]. In two-beam coupling there are two
beams of coherent electromagnetic radiation which intersectinside
the photorefractive medium causing a periodic variation of the
intensity due to interference which induces volume index grat-
ing. Presence of such an index grating affects the propagation of
these two beams and is responsible for the beam coupling in pho-
torefractive crystals. The most common theoretical description of
the beam coupling in photorefractive materials is known as the
coupled wave theory [7-11]. Photorefractive beam coupling is the
non-linear interaction of phase and energy between the two beams
in the photorefractive medium, where transfer of power from one
beam to another takes place [12-16]. Through the photorefractive
effect the interference pattern of the two beams is transformed into
a refractive index grating [17,18]. The index grating can be consid-
ered as a dynamic volume grating, which is both formed by the
beams and diffracts them, leading to non-linear beam coupling,
which results in transfer of energy and phase between the two
interacting beams. This energy transfer (beam coupling) between
the beams in photorefractive crystals takes place due to a perma-
nent phase mismatch between the refractive index grating and
the incident light intensity grating. Maximum energy transfer is
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obtained when the incident fringe pattern and the photo-induced
index change are shifted by (/2) (in the case of diffusion only)
[19-22]. Direction of the energy transfer between the two beams
is governed by the sign of the coupling constant. Two wave mix-
ing gain is an important and useful parameter in photorefractive
materials. But in case of the non-degenerate two-beam coupling,
the gain depends on response time of the moving grating and it has
been calculated regarding band transport model.

In the present paper we theoretically analyze the gain in
case of non-linear co-directional and contra-directional two-beam
coupling inside the photorefractive materials having absorbing
properties under the slowly varying amplitude approximation [11].
In case of degenerate two-beam coupling the gain is the function
of crystal thickness, coupling coefficient, absorption coefficient and
the input intensity ratio. In the earlier published literature effects
of these parameters on the gain have not been explored in details.
But in case of non-degenerate two-beam coupling the gain not only
depends upon crystal thickness, coupling coefficient, absorption
coefficient and the input intensity ratio but also on the oscilla-
tion frequency shift and the response time of the photorefractive
medium. This response time is the function of characteristic time
constant of the medium, the diffusion field, the saturation field and
drift field. The characteristic time constant of the medium depends
on concentration ratio. Moreover, the effects of the oscillation fre-
quency shift and concentration ratio of the materials on the gain
have not been considered earlier. In this paper the above effects
are considered in details.

2. Theoretical description

When two laser beams of same frequency progress in a photore-
fractive medium a stationary interference fringe pattern is formed,
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however, when the frequencies of the two laser beams are differ-
ent, the interference fringe pattern is no longer stationary. Avolume
index grating can still be induced provided the fringe pattern does
not move too fast. The amplitude of the index modulation decreases
as the speed of the fringe pattern increases. This is related to the
finite time needed for the formation of index grating in the pho-
torefractive medium. Let wp and ws be the frequency of the pump
beam and signal beam respectively. The electric fields E, and Es of
the two coupling beams can be written as,

Ep = Ap expli(wpt — kp - 7)] (M
Es = As explj(wst — ks - 7)] )

where Ap and As are the amplitudes and E and Z are the wave
vectors of the pump and signal beams respectively, j = +v/—1, and t
and r are the time and space coordinates respectively.

The intensity of the resultant electromagnetic radiation can be
written as,

I=|ap|* + [As|* + AgAs @K T) 1 ppaz it K T) )
_

I = Iy + Refl; el(2t= KT
where

Ip = |Ap|2+ |As|2 =l +1Is
I; = 2A¢ -AB =2./Llp

and the quantities £2 and k appearing in Eq. (3) are defined as,

2=ws—wp (4)
¥ =Kk (5)

The intensity distribution given by Eq. (3) represents a travelling
fringe pattern moving with a speed
. 2 024

Tk 2w
where A is the period of the fringe pattern. The index of refrac-

tion including the fundamental component of the intensity induced
grating can be written [23] as,

(6)

AA
n=ng+ % exp(jqﬁ)ll’—S expli(2t — k. 7)}| +c.c (7)
0

where @ isreal and nq is a real and positive number. A scalar grating
is considered for the sake of convenience. The phase @ indicates the
degree to which the index grating is shifted spatially with respect
to the light interference pattern [24,25]. Thus, the values of @ and
ny can be written as,

@ = Pg + tan 1(£27) (8)

n = ﬂ (9)

v/ (1 + §2272)

where, Ans is the saturation value of the photo-induced index
change. The parameters Ans and @ is a constant phase shift related
to the non-local response of the crystal under the interference
fringe illumination and depend not only on the grating spacing A
and its direction but its material properties also e.g., the electro-
optic coefficients and therefore, on the applied electric field. In
photorefractive medium that operates by diffusion only (i.e., no
external static electric field) the magnitude of @ is equal to (77/2)
[26,27] (e.g., barium titanate (BaTiO3) crystal) with its sign depend-
ing upon the direction of the c-axis. The parameter t appearing in
Egs. (8) and (9) is the response time of the photorefractive medium
[26]. On the basis of band transport model in which the materials

rate equations are solved for moving grating under the assumption
I; «Ip the response time 7 is given by the relation [28,29].
Eq + EM
Eq+Eq

T=1lg= (10)
where ¢ is a characteristic time constant of the medium, Eq is the
diffusion field, Eq is the saturation field and E,, is another charac-
teristic field (the so called drift field) and these are given by

Na
fo = NDSI() (11)
E, = kT (12)
q
_ gNa
Fa= ek (13)
_ YiNa
M ek (14)

where Ny is the density of acceptor impurities, Np is the density of
donor impurities, s is the cross-section of photo-excitation and Kg
is the Boltzmann constant, T is the temperature, q is the electronic
charge, y; is the recombination constant, €. is the effective dielec-
tric constant and (e is the effective mobility. The expressions for
geand e are given by the relation:

K -eK
L (15)
K- uK
= 16
Me K2 (16)

where, ¢ is the dielectric constant of the photorefractive material
and u is the mobility of the charge carriers [26]. The characteristic
time constant ty of the medium can also be written as,
_ Na 1

- Npsly - rslp

to (17)
where r=Np/NA and is known as the concentration ratio. Using Eq.
(17) the response time of the photorefractive medium 7 can be
written as,

f:1<Ed+Eﬂ> (18)
rslp \ Eq +Eq

In the case of two-beam coupling there are two beams of
coherent electromagnetic radiation which intersect inside the
photorefractive medium causing a periodic variation of the inten-
sity due to interference which induces volume index grating.
The response time t which is the function of diffusion field, the
saturation field, characteristic field and concentration ratio play
an important role in the formation of volume index grating. A
finite spatial phase shift between the interference pattern and
the induced volume index grating has been known for some time
[19,20]. The presence of such a phase shift allows the possibil-
ity of the non-reciprocal steady-state transfer of energy between
the two light beams. Steady state coupled wave equations for the
degenerate two-beam coupling are given by [30].

dl _ Yo Ipls

Tz“[umﬂ}lﬁls_all’ (19)
dls Yo Ipls

E__[lJr.QZrZ}IerIS_aIS (20)
% - _ QIVO I (21)
dz 201+ §2272) | Ip+Is

dlps _ .Q‘C]/O Ip

dz — {2(14—9%2) I +1s (22)
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where, Y is the coupling constant for the case of degenerate two
wave mixing (i.e., £2=wp —ws=0) and « is the absorption coeffi-
cient of the materials. Adding Egs. (19) and (20) and integrating
with respect to z yields,

Ip(z) + Is(z) = {Ip(0) + Is(0)} exp(—az) (23)

Using Eq. (23), Egs. (19) and (20) give the following differential
equations:

dlp Yo 2 Yo _
dz + mlp exp(az) + (m + 0() Ib=0 (24)
dIS Yo

as =~ Y p _(L
AR ozr=) LI Gl & ey

where Iy = Ip(0) + I5(0). Eqgs. (24) and (25) can be integrated to yield
the following equations:

+oz) I,=0 (25)

Io(2) = (1 +m)exp(—wz)
P mtexp(yo/(1 + £2272))

I,(0) (26)

(1+m)exp(—uz)
1+ mexp(—yo/(1 + £2212))

Is(z) = I5(0) (27)

where, m is the input intensity ratio given by,

_ 1p(0)
~ 15(0)

From Eq. (27) it is obvious that in the absence of the mate-
rial absorption («=0), the intensity of the signal beam I5(z) is an
increasing function of z, whereas Eq. (26) shows that the intensity
of the pump beam I,(z) is a decreasing function of z. The energy

(28)

mixing, where the sum of the beam intensities is a constant of inte-
gration for the non-absorbing medium, in the contra-directional
two-waves mixing, the difference of the beam intensities is a con-
stant of integration. In addition, the forms of the coupled equations
which govern the wave amplitudes also differ from those of the co-
directional coupling case, leading to qualitative differences in the
energy exchanges between the two waves in the two cases. The
above two Egs. (19) and (20) can be solved for the non-absorbing
medium (o =0) for which the difference of the two beam intensities
Is(0) —Ip(0) is a constant and for such a case these equations have
the solutions [1],

18=°2) =f(z) - Q (33)
117%(2) = f(2)+ Q (34)
where, Q and f{z) are given by,

0= MO .
f(z)=,|Q2+Pexp | — vol (36)

14822 [(1/rslo)(Ea + E)/(Ea + Eq))|

with the value of P given by,

P =1,(0)15(0) (37)

The constants P and Q can be more conveniently expressed in
terms of initial intensities of the pump beam and signal beam, i.e.,
Ip(0) and I5(L) as,

P:IP(O)IS(L){ 1p(0) + (1) . } (38)
Is(L) + Ip(0) exp((yoL)/(1 + $£22)[(1/rsIo)((Eq + Ep)/(Eq + Eq))I)
1 [ BB(L) ~ I5(0)exp((yol /(1 + £2°)[(1/rslo)((Eq + Eu)/(Eq + EI)) 39)
2| 2(L) + 12(0) exp((oL/(1 + $22)[(1/rslo)(Eq + Epu)/(Eq + EQ))I))

transfer from the pump beam to the signal beam can be described
by coupling constant yy whose sign depends on the direction of
the c-axis. As a result of the coupling y( >0 the signal beam gains
energy from pump beam. In the presence of material absorption
(i.e. > 0), the signal beam can still be amplified provided the gain
due to the beam coupling is large enough to overcome the losses.
The parametric two-wave mixing gain can be defined as,
Is(L)

= 10) 29

Eqgs. (27) and (29) lead to the following expression for g:

_ (1 +m)exp(—al)
T 1+ mexp(—yo/(1+ §2212))

(30)

Substituting the value of T from Eq. (18) into Eq. (30) we have
g (1 +m)exp(—alL)

1+ mexp(yol/1+ 22[(1/rslo)(Eq + Eu /Eq + Eq)1*)

For large m, i.e. in the beginning of the coupling, the terms

(1+m)and 1+mexp(—«L)inEq.(31)canbe approximated by mand
mexp(—alL) respectively and therefore, the gain g can be written as,

~ Yo )L 32
£ exp{(1+92[(1/rs10>(5d+5#/5d+Eq)12 a)} 2)

From Eq. (32) we see that the amplification (g>1) is possible
only when yo/1 + £22[(1/rslp)(Eq + E. /Eq + Eq)I* > .

When both the beams enter into the medium from the oppo-
site sides the coupling is known as contra-directional two-wave
coupling. Contrary to the case of the co-directional two-wave

(31)

According toEqs.(26)and (27), bothIp(z) and Is(z) are decreasing
functions of z, provided y is positive and o« =0. Transmittances for
both the waves are defined as,

£y = o
P Ip(0)

_ (1+m)

 m+exp((yoL/(1 + $22)[(1/rslo)((Eq + Ey)/(Eq + EQ))I)) (40)
5= i

_ 1+m)

1+ m+exp(—(yol /(1 + 22)[(1/rslo)(Eq + Ep)/(Eq + Eq))](24)1))

where m is the incident intensity ratio m=1I,(0)/Is(L). Note that
tp<1 and ts>1 for positive y. It is interesting to note that
these expressions for the transmittances are formally identical
to those of the co-directional coupling case even though the
spatial variations of Ip(z) and Is(z) with respect to z are very
different. Note that t, and ts are related by ts = tp exp(yoL/(1+

22)(1/rslo)(Eq + E)/(Ea + Eg)I*).
3. Results and discussion

Eq. (31) is the analytical expression for the two-wave mixing
gain for the whole ranges of modulation ratio m and it is clear
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Fig. 1. Variation of gain with the crystal thickness for a constant value of E4
(=33kV/cm), Eq (=126 kV/cm), Em (=1kV/cm), yo (=10cm~!), & (=1 cm~1), £2 (=1 Hz)
in the presence of absorption for different values of concentration ratio r (=Np/Nj)
at various values of (a) m=10, (b) m=100, and (c) m=1000.

that the two-beam coupling gain is not only a function of energy
coupling coefficient, crystal thickness, modulation ratio, absorp-
tion coefficient and oscillation frequency shift but also a function
of concentration ratio r. Variations of gain with the crystal thick-
ness for constant values of E4 (=33kV/cm), Eq (=126 kV/cm), Em
(=1kV/cm), yg (=10cm~1), a (=1) and £2 (=1 Hz) for different val-
ues of concentration ratio r and m (=10, 100 and 1000) are shown
in Fig. 1a, b and c respectively. It is evident that the gain increases
with increasing crystal thickness reaches a maximum and then
decreases exponentially due to the material absorption. For lower
value of concentration ratio, the gain depends upon the concen-
tration ratio (r<10) but for higher values of r (>10) the gain is

E;~33, E~126, =1, m=100, 7,=10, a=1, r =100

45+ “ a5
o o “.‘
“l \ : Q- \

Gain

0 . | . . . . L 1 1
0 D2 04 0B 08 1 12 14 16 18 2
Crystal Thickness (cm)

Fig. 2. Variation of gain with crystal thickness for a constant value of Eq (=33 kV/cm),
Eq (=126 kV/cm), Ey (=1kV/cm), m (=10), yo (=10.0cm~'), & (=1 cm1), r=100, for
different values of §2 (=0.1, 0.3, 0.6, 0.8, 1.0).

independent of concentration ratio r. Moreover for larger value of
m the gain is larger Fig. 1(a-c).

Variation of gain with crystal thickness for constant values
of Eq (=33kV/cm), Eq (=126kV/cm), Eyn (=1kV/cm), m (=10), yo
(=10.0cm™1), & (=1cm~1), r=100, for different values of £2 (=0.1,
0.3, 0.6, 0.8, 1.0Hz) is shown in Fig. 2. The gain increases with
the crystal thickness and the optimum gain occurs at an appro-
priate interaction length, beyond which the gain starts decreasing
exponentially due to materials absorption. It is found that the
gain is almost independent of the oscillation frequency shift.
Thus, the optimum gain occurs at the same interaction length
(L=0.68cm) for the different values of §2 (=0.1, 0.3, 0.6, 0.8,
1.0Hz).

Fig. 3 shows variation of gain with the crystal thickness for con-
stant values of Ey (=33 kV/cm), Eq (=126 kV/cm), Eyy (=1kV/cm), r
(=100), yo (=20cm™1), & (=1cm™!), 2 (=1Hz) at different values
of modulation ratio (r). With the increasing value of the crystal
thickness the gain increases rapidly, at certain crystal thickness
it becomes optimum and then decreases due to material absorp-
tion. The optimum gain value is found to be larger for the larger
value of modulation ratio. For the lower value of m the optimum
value of the gain is observed at the lower values of crystal thick-
ness.

E/~33,E =126, E_=1,-100 , 7,=20,a=1,0=1

Gain

1

0 02 04 06 08 1 12 14 16 18 2

Crystal Thickness (cm)

Fig. 3. Variation of gain with the crystal thickness for a constant value of E4
(=33kV/cm), Eq (=126 kV/cm), E (=1kV/cm), r (=100), o (=20cm™'), & (=1cm1),
£2 (=1Hz) at different values of modulation ratio.
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Fig. 4. Variation of gain with concentration ratio (r) for a constant value of E4
(=33kV/cm), Eq (=126 kV/cm), Er (=1kV/cm), o (=10.0cm™1), ¢(=1cm1),L=1cm,
for different values of m (=0.1, 1, 10, 100 and 1000) for (a) BSO material; (b) BaTiO3
material; and (c) comparison of gain for BSO and BaTiO; materials.

Fig. 4a and b shows the variation of gain with concentration
ratio (r) for constant values of E4 (=33kV/cm), Eq (=126 kV/cm),
Em (=1kV/cm), yo (=10.0cm™1), @ (=1cm~1), L=1cm, for differ-
ent values of m (=0.1, 1, 10, 100 and 1000) for different materials
BSO (Bi12Si049) and BaTiO3 respectively. For the lower values of
modulation ratios (m) the gain is unaltered with concentration
ratio but for higher values of m=1000 the gain is affected by
concentration ratio and it increases with increasing concentra-
tion ratio (r) and reaches its saturation value. In order to compare
the variations of gain with r for BSO and BaTiO; materials we
have plotted in Fig. 4c against r for m=1000. One can see that
the gain increases with increasing concentration ratio and gain
is higher for BSO at lower values of concentration ratio than the

a ) , . : L ; . . .
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2 -
10 7, e 3
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(&]
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Fig. 5. Variation of gain with the crystal thickness for a constant value of E4
(=33kV/cm), Eq (=126 kV/cm), E (=1kV/cm), m (=10), yo (=10cm'), & (=1cm1),
§2 (=1 Hz) for different values of c.

BaTiO3; material it due to the higher value of dielectric constant of
BSO.

Variation of gain with the concentration ratio and beam energy
coupling for a constant value of Eq (=33 kV/cm), Eq (=126 kV/cm),
Em (=1kV/cm), @ (=1 cm~1), £2 (=1Hz) are shown in Fig. 5a and b
respectively. The gain increases with the increasing value of con-
centration ratio reaches its saturation value. For larger value of
input intensity ratio the gain is larger. Similar variation of gain is
observed with beam energy coupling coefficient and is higher for
higher values of m.

38 T
=
36 F B33, E 126 B m10=1 me100, a=1, 01 bl -
30F b
=
é
28F B
26F 1
24t 1
b o c
L 1 L 1 1 L

20 s s
2 4 b 8 10 12 14 16 18 20
Concentration Ratio (r)

Fig. 6. Variation of gain with the concentration ratios for a constant value of E4
(=33kV/cm), Eq (=126 kV/cm), E (=1kV/cm), m (=100), L (=1cm), o (=1cm~1), 2
(=1Hz) at different values of coupling coefficient y, (=5, 10, 15cm1).
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Fig. 8. Variation of gain with the absorption coefficient for a constant value of E4
(=33kV/cm), Eq (=126 kV/cm), En(=1kV/cm), m (=100), r (=100), and £2 (=1 Hz) for
different values of coupling coefficient yo (=5, 10, 15,20cm™1).

Variations of gain with the concentration ratios for constant val-
ues of Ey4 (=33kV/cm), Eq (=126 kV/cm), Ey (=1kV/cm), m (=100),
L (=1cm), o (=1cm™1), £2 (=1Hz) at different values of coupling
coefficient yq (=5, 10, 15cm~1) are shown in Fig. 6. For lower
value of yq (=5 cm~1) the gain increases with increasing concentra-
tion ratio and afterwards it saturates. It is interesting to note that
for higher values of yo (=10, 15cm~1) the gain is independent of
concentration ratio. Thus for the larger values of coupling coeffi-
cient, the concentration ratio (r=Np/N,) is ineffective.

Fig. 7 is a plot of the two-wave mixing gain as a function of crys-
tal thickness of the material for different values of energy coupling
coefficient with fixed values of Eq (=33kV/cm), Eq (=126 kV/cm),
Em (=1kV/cm), yg (=10.0cm~1), m (=100), o (=1 cm~1), 2 (=1 Hz).
From Fig. 7 it is obvious that the gain increases as the crystal thick-
ness increases and reaches a maximum value and then decreases
exponentially due to material absorption. The gain is higher for the
higher values of energy coupling coefficient. Also, the gain peak
height increases with increasing value of coupling coefficient and
it is shifted towards the lower values of crystal thickness.

The dependence of the co-directional two-beam coupling gain
g on the absorption coefficient « is shown in Fig. 8 which shows
the variation of gain with the absorption coefficient for constant
values of E4 (=33 kV/cm), Eq (=126 kV/cm), E (=1 kV/cm), m (=100),
r (=100), and £2 (=1 Hz) for different values of coupling coefficient

yo (=5, 10, 15, 20cm™1). It is clear that with the increasing value
of the absorption coefficient the gain decreases rapidly and it is
higher for the higher values of coupling coefficient. However, for
longer for Yo (=10, 15 and 20 cm~1) there is no variation of g with

Yo-

4. Conclusions

The two wave mixing gain is an important and useful param-
eter in photorefractive materials and it is not only the function
of energy coupling coefficient, crystal thickness, modulation ratio,
absorption coefficient and oscillation frequency shift but also the
function of concentration ratio r (=Np /N4 ) and oscillation frequency
shift. For lower values of concentration ratio the gain depends upon
the concentration ratio (r<10) but for higher values (r>10) the
gain is independent of concentration ratio. The gain increases with
increasing concentration ratio and it is observed that the gain is
higher for BSO at lower values of concentration ratio than that of
the BaTiO3 material. Thus the response of the BSO is better than
that of BaTiO3 at very high modulation ratio m=1000. For lower
value of coupling coefficient the gain increases with increasing
concentration ratio and the gain is almost independent of oscil-
lation frequency shift. For higher values the gain is independent
of concentration ratio. For the larger values of coupling coeffi-
cient, the concentration ratio is ineffective as for as the gain is
concerned.
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