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ABSTRACT 

The technique of fixed point is assumed a core and powerful tool in Nonlinear Functional 

Analysis because it plays an important role in pure and applied Mathematics. Fixed point 

theorem is the developments of new creative methods to use the fundamental tools of the 

functional analysis. Functional analysis embodies the abstract approach in analysis. It 

gives many fundamental notions relevant for the description, Analysis, Numerical 

Approximation, Medicinal Ecology, Agro industries and Computer Simulation process. It 

also discovers solutions to problems occurring in pure, applied and social sciences. In this 

way, Mathews introduced the notion of Partial Metric space as a part of the study of 

mentioned semantics of data flow networks related to Computer Science. There are many 

researchers extended the concept of Partial metric space such as Partial b-metric space, 

Complex Valued partial metric space, Fuzzy type Partial metric space and proved the 

existence of fixed point theorem via contraction mappings. 

The aim of this research paper, to study of fixed point theorems for certain contractive 

mappings in Complex valued partial b-metric spaces. The present research work will 

attempt to extends, generalize and improve results propagated by mathematicians in this 

field.  

KEYWORDS: Partial metric space, Partial b-metric space, fixed point, CPbMS 

1. INTRODUCTION  

Fixed point theorems give the condition under which maps have solutions. The theory 

itself is a beautiful mixture of Analysis, Topology and Geometry. Over the last years or so 

the theory of fixed points has been revealed as a very powerful and important tool in the 

study of non –linear phenomena. However, for many practical situations the conditions that 

https://doi.org/10.5281/zenodo.10775876
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have to be imposed in order to guarantee the existence of fixed point are too strong. 

Considerable amount of researchers have been done on fixed point theorem for various 

type mapping in the last few years.  

Fixed Point Theory Play’s a major role in applications of many branches of Mathematics. 

In 1922, police mathematician Banach proved a very important result regarding a 

contraction mapping, known as the Banach contraction principle (Banach, 1922). Czerwik 

introduced the concept of b-metric space (Czerwik, 1993). Azam et al. gave the concept of 

complex valued metric space (Azam et al., 2011). Maheshwari et.al introduced to complex 

partial b-metric space and proved the existence of coupled fixed point result under 

contractive conditions in this space (Maheshwari et.al, 2021). 

Wang et al. introduced the concept of expanding mappings and proved some fixed point 

theorems in complete metric spaces (Wang et al., 1984). Mathews introduced the notion of 

partial metric space as a part of the study of mentioned semantics of data flow networks 

related  to in computer science (Mathews, 1994). 

2.  PRELIMINARIES NOTES 

First, we invite some standard notations and definitions of Complex valued b- metric space 

some Properties as follows : 

An ordinary metric 𝑑  is a real valued function from a set 𝑋 × 𝑋  into 𝑅 where 𝑋 is non 

empty set that is 𝑑: 𝑋 × 𝑋 → 𝑅 . A complex number 𝑧 ∈ ℂ is an ordered pair of real 

numbers where first co-ordinate is called 𝑅𝑒 𝑧  and second co-ordinate is called 𝐼𝑚 𝑧 . 

Thus a complex valued metric space 𝑑 is a function from a set 𝑋 × 𝑋  into ℂ , where 𝑋 is 

the non-empty set and  ℂ is the set of complex number . 

That is 𝑑: 𝑋 × 𝑋 → ℂ .Let 𝑧1, 𝑧2 ∈ ℂ difine a partial order ≤ on ℂ as follows  

𝑧1 ≤ 𝑧2  iff  𝑅𝑒 𝑧1  ≤ 𝑅𝑒 𝑧2  , 𝐼𝑚(𝑧1) ≤ 𝐼𝑚(𝑧2)  . 

It follow  that  𝑧1 ≤ 𝑧2   if one of the following condition are satisfied: 

  𝑖 𝑅𝑒 𝑧1 = 𝑅𝑒 𝑧2     𝑎𝑛𝑑  𝐼𝑚 𝑧1 < 𝐼𝑚 𝑧2   

  𝑖𝑖 𝑅𝑒 𝑧1 < 𝑅𝑒 𝑧2     𝑎𝑛𝑑 𝐼𝑚 𝑧1 = 𝐼𝑚 𝑧2  

  𝑖𝑖𝑖 𝑅𝑒 𝑧1 < 𝑅𝑒 𝑧2         𝑎𝑛𝑑 𝐼𝑚 𝑧1 < 𝐼𝑚 𝑧2  

  𝑖𝑣 𝑅𝑒 𝑧1 = 𝑅𝑒 𝑧2    𝑎𝑛𝑑 𝐼𝑚 𝑧1 = 𝐼𝑚 𝑧2  
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In (i),(ii),(iii) we have  𝑧1  ≤   𝑧2 . In (iv), we have  𝑧1  =   𝑧2 . So  𝑧1  ≤   𝑧2  In 

particular   𝑧1  ≨   𝑧2  if  𝑧1 ≠ 𝑧2 and one of (i), (ii), (iii) is satisfy. In this case   𝑧1  <

  𝑧2 . We will write 𝑧1 <  𝑧2 iff (iii) satisfy. Further  

                                                  0 ≤ 𝑧1 ≨𝑧2 ⇒  𝑧1  ≤   𝑧2 . 

 𝑧1 ≤ 𝑧2  𝑎𝑛𝑑 𝑧2 < 𝑧3  ⇒  𝑧1 < 𝑧3 . 

Definition 2.1.(Azam et al., 2011): Let x be a nonempty set. Suppose that the mapping 

𝑑: 𝑋 × 𝑋 → ℂ satisfies the following conditions: 

 𝑖 𝑑 𝑥, 𝑦 ≥ 0 𝑎𝑛𝑑 𝑑 𝑥, 𝑦 = 0 ⟺ 𝑥 = 𝑦.                     

 𝑖𝑖 𝑑 𝑥, 𝑦 = 𝑑 𝑦, 𝑥                                       𝑠𝑦𝑚𝑚𝑒𝑡𝑖𝑐  

  𝑖𝑖𝑖 𝑑 𝑥, 𝑦 ≤ 𝑑 𝑥, 𝑧 + 𝑑 𝑧, 𝑦                    (𝑡𝑕𝑒 𝑡𝑟𝑖𝑛𝑎𝑔𝑙𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠).  

Then 𝑑 is called a complex valued metric on 𝑋 and  𝑋, 𝑑   is called a complex valued 

metric space.  

Example 2.2. (Datta, et al., 2012): Let 𝑋 = ℂ Define the mapping 𝑑: 𝑋 × 𝑋 → 𝐶  by 

                       𝑑 𝑥, 𝑦 = 𝑖 𝑥 − 𝑦    , ∀𝑥, 𝑦 ∈ 𝑋  .  Then  (𝑋, 𝑑)  is complex valued metric 

space. 

Example 2.3. (Tanmoy, 2015):  Let 𝑋 = ℂ Define the mapping 𝑑: 𝑋 × 𝑋 → ℂ  by 

              𝑑 𝑥, 𝑦 = 𝑒𝑖𝑘  𝑥 − 𝑦  𝑤𝑕𝑒𝑟𝑒 𝑘 ∈ 𝑅 𝑎𝑛𝑑, ∀𝑥, 𝑦 ∈ 𝑋 ,  

Where 𝑘 ∈  0,
𝜋

2
   , ∀𝑥, 𝑦 ∈ 𝑋 .Then  𝑋, 𝑑   is called a complex valued metric space.  

Definition 2.4.[36]: Let 𝑋 be a nonempty set and mapping 𝑑: 𝑋 × 𝑋 → ℂ   satisfy the 

following conditions:             

  𝑖 0 ≤ 𝑑 𝑥, 𝑦  𝑎𝑛𝑑   𝑑 𝑥, 𝑦 = 0 𝑖𝑓𝑓 𝑥 = 𝑦    ∀𝑥, 𝑦 ∈ 𝑋 .                                                                               

 𝑖𝑖  𝑑 𝑥, 𝑦 = 𝑑 𝑦, 𝑥                                                                                                                                 

  𝑖𝑖𝑖 𝑑 𝑥, 𝑦 ≤ 𝑆[𝑑( 𝑥, 𝑧 + 𝑑 𝑧, 𝑦 ]. 

Where 𝑠 ≥ 1 is a real number. Then d is called complex valued metric space and  𝑋, 𝑑   is 

called complex valued b-metric space.  

Example 2.5.(Rao, 2013): Let 𝑋 =  0,1 . Define a complex valued metric 𝑑: 𝑋 × 𝑋 → ℂ 

by                                                                                             𝑑 𝑥, 𝑦 =  𝑥 − 𝑦 2 +

𝑖 𝑥 − 𝑦 2 , ∀𝑥, 𝑦 ∈ 𝑋   

Then (𝑋, 𝑑) is a complex valued b-metric space with S=2. 
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Remark: If S=1, then the complex valued b-metric space always reduces to a complex 

valued metric space. Thus every complex valued metric space is a complex valued b-

metric space, but not conversely. This generalizes the notation of a complex valued b-

metric space over complex valued metric space. 

Definition 2.6.(Rao, 2013): Let  𝑋, 𝑑   be a complex valued b-metric space consider the 

following: 

  𝑖  A point 𝑥 ∈ 𝑋 is called interior point of a set 𝐴 ⊂ 𝑋 whenever  point. There exists 

0 < 𝑟 ∈ 𝐶 such that      

𝐵 𝑥, 𝑟 =  𝑦 ∈ 𝑋: 𝑑 𝑥, 𝑦 < 𝑟 ⊆ 𝐴. 

  𝑖𝑖  A point 𝑥 ∈ 𝑋 is called a limit point of a set 𝐴 whenever there exists for every 

0 < 𝑟 ∈ 𝐶,     

                                                 𝐵 𝑥, 𝑟 ∩  𝐴 − 𝑋 = ∅. 

  𝑖𝑖𝑖  A subset 𝐴 ⊆ 𝑋 is called open whenever each element of 𝐴 is an interior point of 𝐴. 

  𝑖𝑣  A subset 𝐴 ⊆ 𝑋 is called closed whenever each element of a 𝐴 belong to 𝐴. 

  𝑣  A subbasis for a Housdroff topology 𝜏 on 𝑋 is a family  

                                    𝐹 =  𝐵 𝑥, 𝑟 : 𝑥 ∈ 𝑋 𝑎𝑛𝑑 0 < 𝑟 . 

Definition 2.7.(Rao, 2013): Let   𝑋, 𝑑  be a complex valued b-metric space and  𝑥𝑛   a 

sequence in X and 𝑥 ∈ 𝑋 consider the following:  

  𝑖  If for every 𝑐 ∈ 𝐶 ,with 0 < 𝑟 ,there is 𝑛 ∈ 𝑁 such that for all 𝑑 𝑥𝑛 , 𝑥 < 𝑐. Then  𝑥𝑛  

is said to be convergent ,  𝑥𝑛  coverges to 𝑥 and 𝑥  is the limit point of  𝑥𝑛  .We donote 

this by lim𝑛→∞ 𝑥𝑛 = 𝑥   𝑜𝑟  𝑥𝑛  → 𝑥 𝑎𝑠 𝑛 → ∞   

  𝑖𝑖 If for every 𝑐 ∈ ℂ with 0 < 𝑟, there is 𝑛 > 𝑁 𝑑 𝑥𝑛 , 𝑥𝑛+𝑚 < 𝑟. where 𝑚 ∈ 𝑁. Then  

 𝑥𝑛   is said to be Cauchy sequence. 

  𝑖𝑖𝑖 If every Cuachy sequence in 𝑋 is convergent, then  𝑋, 𝑑  is said to be a complete 

complex valued b-metric space. 

Lemma 2.8.(Rao, 2013):: let (𝑋, 𝑑) be a complex valued b-metric space and Let  𝑥𝑛  be a 

sequence in 𝑋. Then  𝑥𝑛   converges to x if and if only  𝑑(𝑥𝑛 ,𝑥 → 0 as 𝑛 → ∞. 

Lemma 2.9.(Rao, 2013):: let (𝑋, 𝑑) be a complex valued b-metric space and Let  𝑥𝑛  be a 

sequence in 𝑋. Then  𝑥𝑛  is a Cauchy sequence if and if only  𝑑(𝑥𝑛 ,𝑥𝑛+𝑚 ) → 0 as 𝑛 →

∞,where 𝑚 ∈ 𝑁. 

Definition 2.10.(Matthews, 1994) : Let X  be a non empty set. A partial metric space is a 

pair  𝑋, 𝑑𝑝 , where  𝑑𝑝 : 𝑋 × 𝑋 → 𝑅 is such that 
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𝑃1: 0 ≤ 𝑑𝑝 𝑥, 𝑥 ≤ 𝑑𝑝 𝑥, 𝑦  (non-negativity and self-distances), 

𝑃2: If𝑑𝑝 𝑥, 𝑥 = 𝑑𝑝 𝑥, 𝑦 = 𝑑𝑝 𝑦, 𝑦 , then 𝑥 = 𝑦 (Indistancy implies equality), 

𝑃3:  𝑑𝑝 𝑥, 𝑦 = 𝑑𝑝 𝑦, 𝑥   (symmetry), 

𝑃4:  𝑑𝑝 𝑥, 𝑧 ≤ 𝑑𝑝 𝑥, 𝑦 + 𝑑𝑝 𝑦, 𝑧 − 𝑑𝑝 𝑦, 𝑦  (triangularity), 

Where 𝑑𝑝  is called partial metric space. 

It is clear that if 𝑑𝑝(𝑥, 𝑦) = 0, then from (𝑃1) and (𝑃2), 𝑥 = 𝑦. But if 𝑥 = 𝑦, 𝑑𝑝(𝑥, 𝑦) may 

not be 0. 

Definition 2.11. (Maheshwari et al., 2021): A complex partial b-metric space on a non 

void set X is a function 
 CXXdcpb :  Such that for all :,, X  

(i) 0),(),(   cpbcpb dd  

(ii) ),(),(  cpbcpb dd   

(iii)   ),(),(),( cpbcpbcpb ddd  

(iv) there exist  a real number 1s  such that 

     ),()],(),([),(  cpbcpbcpbcpb dddsd  . 

 A complex valued partial metric space is a pair of ),( cpbdX  such that X  is a non empty set 

and is cpbd complex partial b-metric space on X, the number s  is called the coefficient of 

),( cpbdX . 

Definition 2.12.(Maheshwari et al., 2021): Let ),( cpbdX  be a complex partial b-metric 

space with coefficient s. Let   n  be a sequence in X  and  X . Then 

(i) The sequence  n  is said to be convergent with respect to  cpbd  and 

converges to  , if  ),(),(lim  cpbncpb
n

dd 


. 

(ii) The sequence  n  is said to be Cauchy sequence in ),( cpbdX , if  

),(lim mncpb
n

d 


exists and finite. 

(iii) ),( cpbdX  is said to be a complete complex partial b- metric space if every 

Cauchy sequence  n  in X  there exists such that   

),(),(),( limlim  cpbncpb
n

mncpb
n

ddd 
  
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3. FIXED POINT THEOREMS FOR PAIR OF MAPPINGS IN 

COMPLEX PARTIAL b- METRIC SPACE  

In this section, we explain the following fixed point theorem for a self mapping satisfying 

contractive condition in Complex valued b- Metric Spaces. Our results extend, generalize 

and improve the corresponding   results. 

Theorem 3.1. (Dubey et al., 2015):  Let  𝑋, 𝑑   be a complete complex valued b-metric 

space with the coefficient 𝑠 ≥ 1 and 𝑇: 𝑋 → 𝑋 be a mapping satisfying the condition: 

          𝑑 𝑇𝑥, 𝑇𝑦 ≤
𝜆  𝑑2 𝑥 ,𝑦 

1+𝑑 𝑥 ,𝑦 
+ 𝜇 𝑑(𝑦, 𝑇𝑦)                                                              

for all ∀𝑥, 𝑦 ∈ 𝑋,where 𝜆 ,  𝜇 are nonnegative reals with 𝑠𝜆 + 𝜇 < 1.Then 𝑇 Has a unique  

fixed point in 𝑋. 

Theorem 3.2. (Dubey et al., 2015): Let  𝑋, 𝑑   be a complete complex valued b-metric 

space with the coefficient 𝑠 ≥ 1 and 𝑇1, 𝑇2: 𝑋 → 𝑋 be a mapping satisfying 

                              𝑑 𝑇𝑥, 𝑇𝑦 ≤ 𝜆𝑑 𝑥, 𝑦 +
𝜇𝑑  𝑥 ,𝑇𝑥 𝑑 𝑦 ,𝑇𝑦 

𝑑 𝑥 ,𝑇𝑦 +𝑑 𝑦 ,𝑇𝑥 +𝑑 𝑥 ,𝑦 
,                                        

for all 𝑥, 𝑦 ∈ 𝑋 such that 𝑥 ≠ 𝑦 , 𝑑 𝑥, 𝑇𝑦 + 𝑑 𝑦, 𝑇𝑥 + 𝑑 𝑥, 𝑦 ≠ 0, where 𝜆, 𝜇 are 

nonnegative reals with 𝑠𝜆 + 𝜇 < 1 or 𝑑 𝑇1𝑥, 𝑇2𝑦 = 0 if 𝑑  𝑥, 𝑇𝑦 + 𝑑 𝑦, 𝑇𝑥 +

𝑑 𝑥, 𝑦 = 0. Then 𝑇 Has a unique fixed point in 𝑋. 

Now we have prove the following theorems 3.3 and 3.4 which is extension and 

generalization form of the above theorems 3.1 and  3.2 respectively. 

Theorem 3.3: Let ),( cpbdX   be a complete complex valued partial b-metric space with the 

coefficient 𝑠 ≥ 1 and 𝑇1,𝑇2: 𝑋 → 𝑋 be a mapping satisfying the condition: 

),(
),(1

),(
),( 2

2

21 yTyd
yxd

yxd
yTxTd cpb

cpb

cpb

cpb 





                                                                   (1) 

for all ∀𝑥, 𝑦 ∈ 𝑋,where 𝜆 ,  𝜇 are nonnegative reals with 𝑠𝜆 + 𝜇 < 1.Then 𝑇1 and 𝑇2 have a 

unique  common fixed point in 𝑋. 

Proof. For any arbitrary point, 𝑥𝑛 ∈ 𝑋. Define sequence  𝑥𝑛  in 𝑋  such that  

           𝑥2𝑛+1 = 𝑇1𝑥2𝑛  for 𝑛 =   0,1,2,3, …                                                                              

(2) 
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          𝑥2𝑛+2 = 𝑇2𝑥2𝑛+1 for 𝑛 =   0,1,2,3, …                                                                          

(3) 

  Now, we show that the sequence  𝑥𝑛  is Cauchy : Let 𝑥 = 𝑥2𝑛  & 𝑦 = 𝑥2𝑛+1 in (1) we 

have  

),(),( 122212212   nncpbnncpb xTxTdxxd  

                         ),(
),(1

),(
12212

122

122

2









 nncpb

nncpb

nncpb
xTxd

xxd

xxd



 

                        ),(
),(1

),(
2212

122

122

2









 nncpb

nncpb

nncpb
xxd

xxd

xxd



                                                    (4) 

Which implies that 

),(),(
),(1

),(
)( 2212122

122

122

22,12 





 


 nnnn

nn

nn

nncpb xxdxxd
xxd

xxd
xxd                                  (5)             

Since ),(),(1 122122   nncpbnncpb xxdxxd , we get  

),(),(),( 22121222212   nncpbnncpbnncpb xxdxxdxxd                                                  (6)                                        

and hence   

),(
1

),( 1222212 


 nncpbnncpb xxdxxd



                                                                          (7) 

Similarly, we obtain  

),(
1

),( 22123222 


 nncpbnncpb xxdxxd



                                                                       (8) 

Since 𝑠𝜆 + 𝜇 < 1 and  𝑠 ≥ 1 , we get   𝜆 + 𝜇 < 1. 

Therefore, with 𝛿 =
𝜆

1−𝜇
< 1 and for all 𝑛 ≥ 0. and consequently, we have  

),(...),(),(),( 10

12

212

2

1222212 xxdxxdxxdxxd cpb

n

nncpbnncpbnncpb



              (9)   

Thus for any 𝑚 > 𝑛, 𝑚, 𝑛 ∈ ℕ and since 𝑠𝛿 =
𝑠𝜆

1−𝜇
< 1, we get 

),(),(),( 21212222 mncpbnncpbmncpb xxdsxxdsxxd    

                      ),(),(),( 222

2

2212

2

122 mncpbnncpbnncpb xxdsxxdsxxds    

                    

),(),(),(),( 232

3

3222

3

2212

2

122 mncpbnncpbnncpbnncpb xxdsxxdsxxdsxxds    

                                     …, …, …, 
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...),(),(),(),( 3222

3

2212

2

12222   nncpbnncpbnncpbmncpb xxdsxxdsxxdsxxd  

                           ),(),( 212

22

1222

122

mmcpb

nm

mmcpb

nm xxdsxxds 





                                 (10) 

By using  (9), we get  

...),(),(),(),( 10

223

10

122

10

2

22   xxdsxxdsxxdsxxd cpb

n

cpb

n

cpb

n

mncpb   

                           ),(),( 212

1222

10

22122

mmcpb

mnm

cpb

mnm xxdsxxds 

                               

                     ),( 10

22

1

12 xxds cpb

nm

i

nii




                                                                      (11)   

        2 1

0 1

1

( , )t t n

cpb

i

s d x x


 



  

                   
2

0 1( , ) 0
1

n

cpb

s
d x x

s




 


𝑎𝑠 𝑛, 𝑚 → ∞                                                   (12) 

Thus,  𝑥𝑛  is a Cauchy sequence in 𝑋. Since 𝑋 is complete, there exists some 𝑢 ∈ 𝑋 such 

that 𝑥𝑛 → 𝑢 as 𝑛 → ∞. Suppose that is not possible; then there exists 𝑧 ∈ 𝑋 such that 

                    0),( 1  zuTudcpb                                                                                   (13)  

Now,  

       ),(),(),( 122221 uTxsdxusduTudz ncpbncpbcpb    

         ),(),( 122222 uTxTsdxusd ncpbncpb                                                                          (14) 

         
),(

),(1

),(
),( 1

12

12

2

22 uTuds
uxd

uxds
xusd cpb

ncpb

ncpb

ncpb 










  

which implies that 

),(
),(1

),(
),(),( 1

12

12

2

221 uTuds
uxd

uxds
xudsuTudz cpb

ncpb

ncpb

ncpbcpb 










                              

(15)  

Taking the limit of  16  as 𝑛 → ∞, we obtain that 0),( 1  uTudz cpb , a contradiction 

with  13 . 

So   𝑧 = 0. Hence 𝑇1𝑢 = 𝑢. 

Similarly, we can show that 𝑇1𝑢 = 𝑢. 
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Now show that 𝑇1 and 𝑇2 have unique common fixed point of 𝑇1 and 𝑇2. To show this, 

assume that 𝑢∗ is another fixed point of 𝑇1 and 𝑇2 . Then,  

),(
),(1

),(
),(),( *

2

*

*

*

*

21

* uTud
uud

uud
uTuTduud cpb

cpb

cpb

cpbcpb 





                                             

(16) 

So  

 ),(
),(1

),(
),( *

2

*

*

*2

* uTud
uud

uud
uud cpb

cpb

cpb

cpb  


                                                               

 17  

Since 

     ),(),(1 ** uuduud cpbcpb                                                                                              

(18) 

Therefore  

    ),(),(),( *** uuduuduud cpbcpbcpb                                                                            

(19) 

                        ),( *uudcpb ,  a contradiction. 

So, 𝑢 = 𝑢∗, which proves the uniqueness of fixed point in 𝑋. This completes the proof. 

Theorem 3.3.4: Let ),( cpbdX   be a complete complex valued partial b-metric space with 

the coefficient 𝑠 ≥ 1 and 𝑇1 , 𝑇2: 𝑋 → 𝑋 be a mapping satisfying 

     
),(),(),(

),(),(
),(),(

12

21

21
yxdxTydyTxd

yTydTxxd
yxdyTxTd

cpbcpbcpb

cpbcpb

cpbcpb





        …………  (20)           

for all 𝑥, 𝑦 ∈ 𝑋 such that 𝑥 ≠ 𝑦, 0),(),(),( 12  yxdxTydyTxd cpbcpbcpb  , where 𝜆, 𝜇 are 

nonnegative real numbers with 𝑠𝜆 + 𝜇 < 1 or ),( 21 yTxTdcpb  if  

0),(),(),( 12  yxdxTydyTxd cpbcpbcpb .  

Then 𝑇1& 𝑇2  have a unique common fixed point in 𝑋. 

Proof. For any arbitrary point, 𝑥0 ∈ 𝑋.Define sequence  𝑥𝑛  in 𝑋 such that  

                                 𝑥2𝑛+1 = 𝑇1𝑥2𝑛   for  𝑛 =  0,1,2,3 … .                                          (21)  

                     𝑥2𝑛+2 = 𝑇2𝑥2𝑛+1    for  𝑛 =  0,1,2,3 … .                                                  (22) 
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Now, we show that the sequence  𝑥𝑛  is Cauchy: Let 𝑥 = 𝑥2𝑛  & 𝑦 = 𝑥2𝑛+1 in (20) we 

have 

  ),(),( 12222212   nncpbnncpb xTTxdxxd  

                           
),(),(),(

),(),(
),(

12221121222

1221222

122









nncpbnncpbnncpb

nncpbnncpb

nncpb
xxdxTxdxTxd

xTxdTxxd
xxd


  

                    
),(),(),(

),(),(
),(

1221212222

2212122

122









nncpbnncpbnncpb

nncpbnncpb

nncpb
xxdxxdxxd

xxdxxd
xxd


          

 23  

which implies that  

),(
),(),(

),(
),(),( 122

122222

2212

1222212 








 nncpb

nncpbnncpb

nncpb

nncpbnncpb xxd
xxdxxd

xxd
xxdxxd


   

 24  

Since 

   ),(),(),(),( 222222122212 nncpbnncpbnncpbnncpb xxdxxdxxdxxd                                             

   ),(),(),( 2222122212   nncpbnncpbnncpb xxdxxdxxd                                                                    

 25  

Therefore 

),(),(),( 1221222212   nncpbnncpbnncpb xxdxxdxxd   

                          ),()( 122  nncpb xxd                                                                              

(26) 

Similarly, we obtain  

),()(),( 22123222   nncpbnncpb xxdxxd                                                                           

(27) 

Since 𝑠𝜆 + 𝜇 < 1 and  𝑠 ≥ 1, we get 𝜆 + 𝜇 < 1. 

Therefore, with 𝛿 = 𝜆 + 𝜇 < 1 and for all 𝑛 ≥ 0 and consequently, we have 

),(...),(),(),( 10

12

212

2

1222212 xxdxxdxxdxxd cpb

n

nncpbnncpbnncpb



                   

(28) 

Thus, for any   𝑚 > 𝑛 , 𝑚, 𝑛 ∈ ℕ, we have  

),(),(),(),( 121221212222   nncpbmncpbnncpbmncpb xxdsxxdsxxdsxxd  
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                          ),(),( 212122 mncpbnncpb xxdsxxds    

                        ),(),(),( 222

2

2212

2

122 mncpbnncpbnncpb xxdsxxdsxxds    

           ),(),(),(),( 222

3

3222

3

2212

2

122 mncpbnncpbnncpbnncpb xxdsxxdsxxdsxxds    

(29) 

                     

.

.

.
 

 ...),(),(),(),( 3222

3

2212

2

12222   nncpbnncpbnncpbmncpb xxdsxxdsxxdsxxd  

                              ),(),( 212

22

1222

122

mmcpb

nm

mmcpb

nm xxdsxxds 





   

 By using  (29), we get  

...),(),(),(),( 10

223

10

12
2

10

2

22  


xxdsxxdsxxdsxxd cpb

n

cpb

n

cpb

n

mncpb   

                                     ),(),( 10

1222

10

22122 xxdsxxds cpb

mnm

cpb

mnm     

                              ),( 10

22

1

12 xxds cpb

nm

i

nii




                                                                           

(30) 

                        2 1

0 1

1

( , )t t n

cpb

i

s d x x


 



  

                      
2

0 1( , ) 0
1

n

cpb

s
d x x

s




 


𝑎𝑠 𝑛, 𝑚 → ∞                                                        (31) 

Thus,  𝑥𝑛  is a Cauchy sequence in 𝑋. Since 𝑋 is complete, there exists some 𝑢 ∈ 𝑋 such 

that 𝑥2𝑛 → 𝑢 as 𝑛 → ∞. Suppose that is not possible; then there exists 𝑧 ∈ 𝑋 such that 

            0),( 1  zuTudcpb                                                                                                 

(32)  

So by using the triangular inequality and (20), we get 

       ),( 1uTudz cpb  

         ),(),(),( 222212222   nncpbncpbncpb xxduTxsdxusd  

           ),(),( 12222 uTxsdxusd ncpbncpb    

        ),(),( 112222 uTxTsdxusd ncpbncpb    
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),(),(),(

),(),(
),(),(

12121212

212112

12222
uxdxTuduTxd

uTudxTxds
uxTdsxusd

ncpbncpbncpb

cpbnncpb

ncpbncpb











   

(33) 

       
),(),(),(

),(),(
),(),(

12121212

212112

12222
uxdxTuduTxd

uTudxTxds
uxTdsxusd

ncpbncpbncpb

cpbnncpb

ncpbncpb











  

           
),(),(),(

),(),(
),(),(

1222212

22212

1222
uxdxuduTxd

uTudxxds
uxdsxusd

ncpbncpbncpb

cpbnncpb

ncpbncpb











  

which implies that 

),( 1uTudz cpb  

),(),(),(

),(),(
),(),(

1222112

12212

1222
uxdxuduTxd

uTudxxds
uxdsxuds

ncpbncpbncpb

cpbnncpb

ncpbncpb











           

(34) 

 Taking the limit of   34  as 𝑛 → ∞, we obtain that 0),( 1  uTudz cpb , a contradiction 

with  32 . 

So  𝑧 = 0. Hence 𝑇1𝑢 = 𝑢. 

Similarly 𝑇2𝑢 = 𝑢. 

Now show that 𝑇1 and 𝑇2 have unique common fixed point of 𝑇1 and 𝑇2.To show that 𝑢∗ is 

another fixed point of 𝑇1 and 𝑇2 .Then,  

),(),( 21

* uTuTduud cpbcpb   

           
),(),(),(

),(),(
),(

*

1

**

2

*

2

*

1*

uuduTuduTud

uTuduTud
uud

cpbcpbcpb

cpbcpb

cpb





                                         

(35) 

so that  

    
),(),(),(

),(),(
),(),(

*

1

**

2

*

2

*

1**

uuduTuduTud

uTuduTud
uuduud

cpbcpbcpb

cpbcpb

cpbcpb





                        (36) 

                           ),( *uudcpb ,  a contradiction. 

So  𝑢 = 𝑢∗, which proves the uniqueness of fixed point in 𝑋. This complete the proof 

    Now, we consider the following case:  

  0),(),(),( 12221121222   nncpbnncpbnncpb xxdxTxdxTxd  (for any 𝑛) implies that

0),( 12221 nncpb xTxTd so that 𝑥2𝑛 = 𝑇1 𝑥2𝑛 = 𝑥2𝑛+1 = 𝑇2 𝑥2𝑛+1 = 𝑥2𝑛+2. Thus we have 



 ISSN: 2320-0294 Impact Factor: 6.765  

 

 

53 International Journal of Engineering, Science and Mathematics 

http://www.ijmra.us, Email: editorijmie@gmail.com 

 

𝑥2𝑛+1 = 𝑇1 𝑥2𝑛 = 𝑥2𝑛 , so there exists 𝐾1and  𝑙1 such that 𝐾1 = 𝑇1𝑙1 = 𝑙1. Using foregoing 

arguments, one can also show that there exists 𝐾2 and 𝑙2 such that  𝐾2 = 𝑇2𝑙2 = 𝑙2.  

As 0),(),(),( 21112221  lldlTldlTld cpbcpbcpb  (due to definition) implies 

0),( 2211 lTlTdcpb , 𝐾1 = 𝑇1 𝑙1 = 𝑇2𝑙2 = 𝐾2, which in turn yields that 𝐾1 = 𝑇1 𝑙1 = 𝑇1 𝐾1. 

Similarly, one can also have 𝐾2 = 𝑇2 𝐾2. As 𝐾1 = 𝐾2 implies 𝑇1 𝐾1 = 𝐾1, therefore 

𝐾1 = 𝐾2 is fixed point of  𝑇. We now prove that 𝑇1 and 𝑇2 have unique common fixed 

point. For this, assume that 𝐾1
∗in 𝑋 is another fixed point of 𝑇. Then we have  𝑇2𝐾1

∗ = 𝐾1
∗. 

As 0),(),(),(
*

1111

*

1

*

121  KKdKTKdKTKd cpbcpbcpb , 

Therefore, 0),(),(
*

1211

*

11  KTKTdKKd cpbcpb . This implies that 𝐾1 = 𝐾1
∗ which proves 

the uniqueness of common fixed point in𝑋. This completes the proof of the theorem. 

CONCLUSION 

In this research paper, we discussed   about proposed system of fixed point theory in 

Partial metric space, complex valued b- metric space and Complex valued partial b- metric 

space and established some fixed point theorems for contractive mapping in Complex 

valued partial b- metric space. The present work has been improved and extended for 

mappings which satisfy contractive conditions in a setting of Complex valued Partial  b-

metric spaces. Further work will be for large amount data set having for three, four and six 

mappings satisfying generalized contractive type condition in a complete Partial cone 

metric, Complex Partial metric space, Complex Partial b-metric space and other generalize 

form of metric space with real world applications.  
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